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Abstract 

Magnetorheological elastomer is a potential resilient element to meet the vibration 

mitigation demands of a dynamic system over broad-band frequency. It comprises of 

ferromagnetic fillers dispersed in a non-magnetic elastomer matrix. Under the 

influence of an external magnetic field, these fillers readily interact and modify the 

properties of Magnetorheological elastomer. The response of magnetorheological 

elastomer under dynamic loading includes the contributions from the viscoelastic 

properties of matrix and the field sensitive characteristics of the filler. These 

properties are unique for a particular combination of matrix and the filler. The 

properties of Magnetorheological elastomer are sensitive to the changes in the  

operating parameters such as frequency and displacement amplitudes. This demands a 

large number of experiments to characterize the viscoelastic properties of 

Magnetorheological elastomer. On the contrary, the overall process of dynamic 

characterization is simplified by adopting a phenomenological modeling approaches 

based on the theory of linear viscoelasticity. It is important that the model should be 

able to represent viscoelastic behavior over wide frequency range in a simple form.    

The present study is focused on modeling the translation stiffness to realize the 

concept Magnetorheological elastomer as boundary support damping applications. 

The dynamic tests are performed on Magnetorheological elastomer under shear mode 

(volume preserving deformation state) according to the dynamic blocked transfer 

stiffness method. The viscoelastic properties are evaluated at different frequency, 

magnetic field and strain amplitudes. These properties are expressed in terms of 

dynamic stiffness, and the loss factor evaluated from the force-displacement 

hysteresis loops. The test results indicated that the properties of Magnetorheological 

elastomer enhanced with an increase in magnetic field and the frequency. The 

magnetic field dependency is more pronounced compared to frequency. At larger 

values of frequency and magnetic field, the viscoelastic properties are saturated. For 

the tested MRE samples, the saturation behavior is observed at 50 Hz and 0.3 T. With 

an increase in strain the viscoelastic behavior of Magnetorheological elastomer 

changes from linear to nonlinear. Under magnetized state, the nonlinear behavior 

occurs at lower strain levels as the matrix-filler frictional energy dissipation is 
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intensified. In addition, Magnetorheological elastomer exhibits the Payne effect with 

the variation in input strain amplitude. The Payne effect is more pronounced under 

non-magnetized state and it diminished under magnetized state due to the contribution 

from the filler –filler interactions.    

The material behavior of Magnetorheological elastomer is modeled by 

adopting the phenomenological models based on the viscoelastic constitutive 

relations. In the present study, integer and fractional order derivative based 

viscoelastic constitutive relations are used. Integer order based model comprises of six 

parameters, and the fractional order model are represented by five parameters. The 

parameters of the model are identified by minimizing the error between the response 

of the model and dynamic compression (translation) test data. Performance of the 

model is evaluated with respect to the optimized parameters estimated at different sets 

of regularly spaced arbitrary input frequencies. A linear and quadratic interpolation 

function is chosen to generalize the variation of parameters with respect to the 

magnetic field and frequency. The predicted response of the model revealed that the 

fractional order element model describes the properties of magnetorheological 

elastomer in a simpler form with reduced number of parameters. The fractional order 

based model has a greater control over the real and imaginary part of the complex 

stiffness, which facilitates in choosing a better interpolating function to improve the 

accuracy of the model. Furthermore, it is confirmed that the realistic assessment of the 

model performance is based on its ability to reproduce the results obtained from 

optimized parameters.   

The material models based on the viscoelastic constitutive relations are not 

adequate to describe the amplitude dependent characteristics. These attributes are 

incorporated in the model by adding a linearized Bouc-Wen element. The proposed 

model comprised of eight parameters, which are identified by minimizing the least 

square error between the model predicted and the experimental response. The 

variations of each parameter with respect to the operating conditions are represented 

by a generalized expression. The parameters estimated from the generalized 

expression are used to assess the ability of the model in describing the dynamic 

response of Magnetorheological elastomer. The proposed model effectively predicted 

the stiffness characteristics with an accuracy, more than 94.3% and the corresponding 
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accuracy in predicting the damping characteristic is above 90.1%. This model is 

capable of fitting the experimental value with a fitness value of more than 93.22%.   

 

Key words: Linear Viscoelasticity, Dynamic stiffness, Loss factor, Payne effect, 

Maxwell model, Fractional Maxwell model and  Bouc-Wen model 
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1 CHAPTER 1  

INTRODUCTION 

1.1 General background 

Vibrations are ubiquitous and can be a cause of concern in many areas of mechanical, 

civil and aerospace engineering. Vibrations transferred from a dynamic system to the 

ambient structure is detrimental, and it will result in noise when transmitted to air 

(Koutsawa and Daya, 2007; Wollscheid and Lion, 2013). Therefore, isolating the 

structure from the risk of fatigue failure due to the excessive vibrations has posed a 

major challenge to design engineers. As a consequence, the focus has been shifted to 

integrating the vibration mitigation device during the design stage of a structure.    

Several strategies are utilized for reducing the structure borne vibrations by 

limiting or altering the vibration response. Modifying the stiffness or mass is a simple 

approach as long as the excitation frequencies are invariant (Rao, 2004). However, in 

most cases, the vibrations need to be isolated or dissipated by using an isolator or 

damping materials (Nakra, 2000). The isolation or absorption of vibration is easy to 

realize in a simple structure, but its implementation in built-up structures is 

complicated. In general, a built-up structure is composed of beams, plates and shells, 

and is often exposed to a wide frequency range of excitations. The conventional 

vibration mitigation techniques like vibration isolation or absorption fail to yield the 

desired result as the disturbances excite a number of resonances (Nakra, 1998; 2000). 

In such cases, the damping plays a critical role in mitigating the vibration and 

dynamic stresses (Nakra, 1998). So focus has shifted to treating damping as a design 
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parameter rather than the modification to the system after the problem is 

encountered.    

Damping is the dissipation of input mechanical energy from a vibrating 

system through heat. The resonant behavior of the structure is controlled as the 

damping attenuates the traveling waves. The damping in a beam or plate like structure 

is associated with the internal material damping or external damping (Wren and 

Kinra, 1992). Internal material damping originates from the internal atomic or 

molecular reconstructions of the microstructure or from the thermal effects as it is 

subjected to deformation (Nakara, 2001). The structural damping or external damping 

includes the mechanisms which are essentially external to a structure (Rao, 2004). 

The passive damping using viscoelastic materials is an effective way to impart 

external damping in a flexible structure. Energy dissipation by this technique is 

attributed to relaxation and recovery of the molecular chains as the coupled structure 

deforms the viscoelastic material. Passive damping treatments are cost-effective and 

suitable for high-volume production, which lead to their eventual applications in 

automotive, aviation, shipping and other industries (Nakra, 1998).  

Free and constrained damping layers are the basic configurations of passive 

damping used in practice (Fan et al., 2009). In free layer damping, a layer of 

viscoelastic material (VEM) is bonded to an elastic member in the form of sprays or 

sheets. Constrained layer damping is characterized by a layer of viscoelastic material 

sandwiched between the constraining layer and the base layer. Both the approaches 

are successful in reducing the structure borne vibrations and noise, but it is not always 

feasible or desirable to implement them in real situations depending on the given 
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constraints. In such cases, the damping treatment at the boundary supports is an 

alternative solution (Kang and Kim, 1996).  

The boundary support damping is augmented by using flexible elements like 

elastomer inserts between the beam or plate structure and the fixed support (Park et 

al., 2003). An example for this is an engine cradle and body sub frame, where the 

engine is connected to the chassis via elastomer supports or a wind shield in an 

automobile (Noll et al., 2014; Koutsawa and Daya, 2007). Insertion of an elastomer at 

the boundary support alters the structure's dynamic properties by modifying the 

boundary condition from fixed-support to elastomer-support (Park et al., 2003). 

Inclusion of elastomer at the boundary support is beneficial in two aspects: (1) it 

improves the energy dissipation by the damping and (2) it functions as a passive 

isolator by decoupling the structure from the disturbing source by interrupting the 

path of vibration (Tillema, 2003). Elastomer boundary support damping treatment 

offers a simple and cost-effective way of vibration isolation and damping. Moreover, 

it offers an inherent stability and reliability. Despite these, passive boundary support 

possesses an intrinsic drawback. Elastomer exhibits a poor adaptability to the different 

frequency of excitations and its performance is severely affected at wide frequency of 

disturbances (Jalili, 2002; Yoshioka et al., 2002).  

The need for wide frequency range vibration attenuation cannot be met by a 

passive system with fixed stiffness and damping (Jalili, 2002). An active vibration 

control system is an alternative to accomplish such a requirement (Yu et al., 2001). 

However, the active systems are design-intensive and require sensors, control units 

and an energy source to provide real-time data to the isolator. As a consequence, 

weight, cost and energy consumption is increased significantly (Franchek et al., 1995; 
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Jalili, 2002). These shortcomings are addressed by smart material based semi-active 

vibration isolation systems (Liu et al., 2008). A semi-active system is a controllable 

passive device capable of suitably adjusting the stiffness or damping in response to 

the external excitation and/or from the measured response (Jalili, 2002; Ramallo et al., 

2002; Yu et al., 2001). The semi-active system combines the advantages of both 

active and passive devises. It provides a good performance compared to a passive 

system, and it can still function as a passive device even when the control system fails 

(Yao et al., 2002). Semi-active systems are economical and do not require higher-

power actuators. The controllable element in a smart material based semi-active 

isolators include piezoelectric materials, shape memory alloys, electrorheological 

fluids, magnetorheological fluids and magnetorheological elastomers (Stelzer et al., 

2003; Winthrop et al., 2005). Among these, magnetorheological materials are the 

ideal choice as they have the ability to change the mechanical properties rapidly and 

reversibly under the action of a magnetic field (Jolly et al., 1996). Moreover, due to 

the fixed microstructure and the resemblance to a passive resilient element, 

magnetorheological elastomer is viewed as a potential material for boundary support 

damping applications (Zajac et al., 2010).  

1.2 Magnetorheological Elastomer: A material overview 

Magneto Rheological Elastomers (MRE) are smart composite materials comprising of 

an elastomer matrix and ferromagnetic filler particles (Lokander and Stenberg, 

2003a). MRE attains a fixed microstructure as the filler particles are locked in a 

position after curing the elastomer (Figure 1.1). Fixed microstructure of MRE has an 

obvious advantage in terms of ease of storage, better strength, reliability and no 

sedimentation related issues (Caterino et al., 2014). Upon application of a magnetic 
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field (on-state), the particles acquire a magnetic polarization and from a chain-like 

structure (Figure 1.2). This process modifies the internal structure and results in the 

variation of mechanical and electrical properties. These novel characteristics of MRE 

have created a broad application prospects like smart vibration isolation (Behrooz et 

al., 2014), adaptive tuned vibration absorber (Sun et al., 2014), magnetic field and 

force measurement sensors (Li et al., 2009; Du and Chen, 2012) and actuators (Koo et 

al., 2012).    

 

Figure 1.1.  Magnetorheological elastomer (a) before and (b) after application of 
external magnetic field 

1.3 Magnetorheological Elastomer as a resilient element for semi-active 

vibration mitigation device 

MRE based semi-active vibration isolation is analogous to a passive vibration control 

technique, but differs in the sense that the stiffness and damping can be altered in 

response to the command signals (Behrooz et al., 2014). The semi-active vibration 

isolation provides a better dynamic performance to a structure over a wide frequency 

range. The concept of MRE based semi-active vibration isolation is visualized using a 
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single degree freedom (SDOF) transmissibility model representing the fundamental 

mode of the structure (Stelzer et al., 2003).    

A receiving structure mounted on a vibrating source through a passive isolator 

with equivalent stiffness (KP) and passive damping (CP) is represented in Figure 1.2a.  

The same structure coupled through a MRE isolator of equivalent stiffness KSA and 

equivalent damping CSA  is represented Figure1.2b.  

 

Figure 1.2. (a) Transmissibility model of a SDOF system with passive isolation.                   
(b) Transmissibility model of a SDOF system with semi-active isolation. 

A generalized expression for the displacement transmissibility ratio with 

stiffness K and damping C as a function of excitation frequency ω and receiver mass 

m is given by (Stelzer et al., 2003), 
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The transmissibility response plot of a SDOF system is shown in Figure 1.3. 

The frequency ωn, represents the resonance frequency of the receiving structure. In 

the absence of an isolator, the structure experiences an excessive vibration at ωn as the 

path for the transmission of vibration energy is uninterrupted. On the contrary, a 

passive isolator decouples the path for vibration transmission by modifying the 
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resonance frequency of the system to ωPn (where, ωPn< ωn). As a consequence, a 

significant reduction in the displacement transmissibility at ωn can be visualized from 

the graph.  

 
Figure 1.3. Transmissibility response plot of a SDOF system. 

The success of passive vibration isolation depends on the properties of the 

isolators being used. Soft or low stiffness (stiffness KPmin) isolator yields better 

vibration isolation at ωn. But, these isolators are susceptible to heavy loading at lower 

frequencies by maintaining acceptable displacement in relative to an exciting source. 

Conversely, a stiff isolator (stiffness KPmax) could meet the durability and 

displacement criteria, but its isolation performance at ωn is lower than the soft 

isolator. Consequently, the choice of stiffness KP is an obvious trade-off between the 

low and high-frequency isolation to meet the durability, displacement and isolation 

criteria of an isolator.    
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However, a MRE based semi-active isolator could yield a better isolation 

performance by modifying the properties under the influence of an external magnetic 

field. With an efficient control strategy, the stiffness and damping characteristics of 

MRE isolator are altered to meet the demand for vibration isolation over a wide 

frequency range. At lower frequencies, stiffness of the MRE is increased by 

energizing the magnetic circuit to overcome the larger displacements. Subsequently, 

by de-energizing the magnetic circuit, the stiffness of MRE is lowered to mitigate the 

vibrations at higher frequencies.   

1.4 Concept of a beam on Magnetorheological Elastomer boundary support  

 

Figure 1.4. (a) Representation of a beam on viscoelastic boundary supports.  (b) Simplified 
representation of a beam with complex stiffness at the support region. 

Boundary support (Figure 1.4a) damping by a viscoelastic resilient element is a viable 

option to overcome the shortcomings of free layer and constrained layer damping 

(Kang and Kim, 1996). With the inclusion of the boundary support element, the 

dynamic response of the beam is altered as the modal characteristic of a beam is 

modified. To simplify the dynamic analysis of a beam, the support masses are often 

neglected in relative to the mass of a beam (Park et al., 2003). As represented in 

Figure 1.4b, the boundary support regions are idealized as rotation (KR) and 

translation (KT) springs with complex stiffness (Fan et al., 1998). The support 
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stiffness KR and KT have a significant influence on the modal characteristics of a 

beam. The natural frequency of a beam changes from free-free to simply-support as 

the translation stiffness KT is increased. However, at higher values of KT, the beam 

transforms from a simply-support to a fixed-fixed boundary as the KR is increased 

from zero (Kang and Kim, 1996).    

In case of a beam on MRE boundary support, passive viscoelastic material is 

replaced by MRE. The support stiffness KT and KR, which were invariable, exhibits 

magnetic field sensitive characteristics. Under the influence of magnetic field, the 

support stiffness is modified, which alters the modal characteristics of a beam. To 

understand the dynamic response of a beam on MRE boundary support, the support 

stiffness KT and KR of MRE needs to be represented mathematically.    

The properties of MRE are highly complex in nature. It involves the 

contribution from the viscoelastic properties inherited from the matrix and the field 

responsive characteristics from the ferromagnetic fillers. In addition, it also exhibits 

the attributes of a filled elastomer, which is sensitive to the frequency, preload, 

amplitude and temperature (Olabide et al., 2014).  

The characterization of the support stiffness KT and KR demands a great amount 

of preliminary tests. To reduce the cost and time in performing the tests, 

phenomenological models based on viscoelastic constitutive relations can be 

implemented. In fact, these models cannot completely replace the experimental 

investigations, but they can reduce the amount of experiments substantially. However, 

the research on MREs is still nascent as the data set for the properties of specific class 

of MRE (type of matrix; filler and its composition) is missing and moreover, no 

accurate material model for MRE is formulated and verified.    
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Modeling the support stiffness is decisive to realize the concept of a beam on 

MRE boundary support. The present work aims at developing an efficient viscoelastic 

constitutive model to mathematically represent the complex translation stiffness of 

MRE boundary support over a broad frequency range. The fundamental requirement 

for the current study can be viewed from two standpoints, which involves 

understanding the basic viscoelastic behavior of MRE. Later, these results are used to 

develop a mathematical model for computing the complex translation stiffness of 

MRE.    

1.5 Outline of the thesis 

The thesis is grouped into 8 chapters. Chapter 1 provides a general background of the 

present investigation. An overview of the semi-active vibration mitigation concept by 

employing MRE resilient element is discussed. The significance of translation and 

rotation stiffness on the dynamic performance of a beam on viscoelastic boundary 

support is presented, and the challenges involved in realizing the beam on a MRE 

boundary support are addressed.   

Chapter 2 deals with the thorough and critical review of the existing literature 

in the field of MRE synthesis, its properties, various approaches to characterize the 

viscoelastic nature of MRE, the effect of processing and operating parameters on the 

field sensitive characteristics of MRE and the material modeling aspects of MRE. The 

literature review points out the research gap and provides the direction for further 

research. Based on the unanswered questions from the literature survey, the scope of 

the work is formulated, which is presented at the end of the chapter.    

Chapter 3 deals with the experimental characterization of dynamic properties 

of MRE. The forced vibration tests are performed on MRE to evaluate the frequency 
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and magnetic field dependent properties. In addition, the effective range of operating 

frequency and the magnetic field are also assessed.  

In chapter 4, the linear viscoelastic region of MRE is evaluated to assess the 

limiting strain where the models based on the viscoelastic constitutive relations could 

yield satisfactory results. Furthermore, these studies are extended over the transition 

region to evaluate the influence of strain on the field-induced characteristics of MRE.  

Chapter 5 deals with the dynamic viscoelastic property characterization of 

MRE under compression (translation) loading. The compression experiments are 

aimed to develop the phenomenological models of MRE to mathematically represent 

the compression stiffness of MRE.    

In chapter 6, the viscoelastic modeling approaches to represent the frequency 

and the magnetic field sensitive behavior of MRE are presented. Two types of 

modeling approaches using an integer and fractional order framework are proposed. 

Both the models are evaluated based on the predictive accuracy in portraying the 

viscoelastic behavior over a wide frequency range. These modeling approaches are 

extended to incorporate the amplitude dependent characteristics, which are discussed 

in chapter 7. A generalized expression for the translation stiffness of MRE is 

formulated based on these models, and its effectiveness is tested in terms of the ability 

to reproduce the experimental results. In the chapter 8 the summary and the major 

conclusions drawn from the current work are presented.   
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2 CHAPTER 2 

LITERATURE SURVEY 

2.1 Introduction 

The demand for vibration mitigation over broad-band frequency calls for the 

development of a new category of smart materials. MRE is one such material, with 

the potential to achieve the ultimate objective. The design and development of MRE 

based device is a complex task, as its properties are distinctly different from the 

conventional elastic materials. Properties of MRE are viscoelastic in nature, which are 

sensitive to the variation in the dynamic loading condition. Therefore, the design of 

MRE device demands a proper understanding of the material properties of MRE and 

its representation in a mathematical form to implement the control strategies. In recent 

years, research carried out on the development of MRE and its devices continued the 

stride to achieve enhanced properties to improve the working range and the 

effectiveness of a device.    

The relevance of a beam on viscoelastic boundary support has been discussed in 

chapter 1. To implement MRE as a boundary support element, a proper understanding 

of its material properties, modeling approaches and the limitations are very important. 

In this chapter, a thorough and critical review of the existing literature on the MRE 

has been carried out. The literature survey provides a better insight into the MRE 

synthesis, property characterization and modeling approaches. In addition, the 

findings from the literature survey provide the direction and the road map for the 

proposed study. The literature review presented in the chapter is divided into the 

following broad sections.   
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1. Basic configuration and modes of operation.  

2. Novel field-induced properties of MRE.  

3. Viscoelastic property characterization of MRE.  

4. Influence of processing parameters on the field-induced characteristics of  

MRE.  

5. Influence of operating parameters on the field-induced characteristics of  

MRE.  

6. Material modeling of MRE.   

2.2 Basic configuration and modes of operation 

Compared to conventional filled elastomers, MREs have an advantage in controlling 

the spatial distribution of the fillers inside the elastomer matrix. This can be achieved 

by applying a strong uniaxial magnetic field during the curing process of the matrix 

material (Filipcsei et al., 2007). Based on the dispersion of particles inside the matrix, 

MREs are categorized as anisotropic and isotropic (Bose and Rode, 2009; Xu et al., 

2011; Kaleta et al., 2011). Anisotropic or structured MRE is synthesized in the 

presence of an external magnetic field. The filler particles in an anisotropic MRE have 

an ordered arrangement, which is originated from its alignment in the direction 

magnetic field during the pre-cure state (Collette et al., 2010). Formation of a chain 

like structure in the matrix exemplifies the attempt by the fillers to reach the minimum 

energy state during the field-induced dipole interactions (Li et al., 2012; Kallio et al., 

2005). In contrast, the curing process of an isotropic MRE is carried in the absence of 

magnetic field, which results in a uniform distribution of the particles in the matrix 

(Melenev et al., 2011; Han et al., 2011). From the microstructure point of view, both 
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isotropic and anisotropic MREs are differed significantly, which in turn influences the 

properties under active as well as the passive state (Bose and Roder, 2009).    

Distribution of filler particles during the curing process depends on strength of 

the magnetic field, initial dispersion of the fillers, the viscosity of the polymer 

solution, temperature of the melt and the duration of application of external magnetic 

field (Han et al., 2013). The initial distribution of the particle is associated with the 

Brownian motion, which makes the particles to arrange themselves in a random 

direction (Chen et al., 2007a). However, the configuration of the chain structure 

depends on the intensity of the magnetic field. At lower magnetic field strengths, the 

dipole interaction between the particles is low, which results in the formation of short 

and thin chains. Increasing the magnetic field strength, the dipole interaction 

overcomes the resistance of the matrix, resulting in the formation of a thick and long 

columnar structure (Chen et al., 2007a). Formation of chain structure also depends on 

the viscosity of the matrix. A highly viscous matrix provides more resistance during 

the initial distribution of the particles and also creates an unfavorable condition for the 

mobility of the particles to align along the direction of magnetic field (Ge et al., 2013; 

Lu et al., 2012). Moreover, the viscosity of the polymer matrix depends on the 

temperature of the polymer melt. At higher temperature, the viscosity of the polymer 

melt is low and it offers a lesser resistance to the formation of columnar structure 

under the magnetic field (Lu et al., 2012).     

Influence of larger pre-cure cycles is insignificant on the properties of MRE 

due to the formation of equilibrium chain structure. However, it plays a prominent 

role during the initial stage of the pre-structuring process as it promotes the formation 

of longer chains (Lu et al., 2012). The pre-cure time is varied with the type of matrix 
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material, which also depends on the external magnetic field. Past literatures have 

reported an equilibrium time of 5 min for polyurethane (Gong et al., 2012a) and 20 

min for SEBS (Lu et al., 2012) matrix. Apart from the alignment of fillers along the 

orthogonal direction, the chains can be arranged in a desired direction with respect to 

the testing magnetic field (Boczkowska et al., 2012). However, the anisotropic MRE 

is more stable if the testing magnetic field direction is parallel to the iron particle 

chains (Xu et al., 2011).   

Though anisotropic MREs have a superior property than the isotropic MRE, it 

has several shortcomings in the synthesis process that essentially limit their 

applications. The synthesis of anisotropic MRE requires a modification in the 

conventional elastomer fabrication equipment to accommodate the pre-structuring 

magnetic field during crosslinking. The effectiveness of pre-structuring process 

depends on the thickness of MRE. Fabrication of a thick MRE is impractical; as the 

magnetic flux density shows a significant reduction with the increase in thickness. 

Moreover, it is important to consider the chain direction of MRE, before 

implementing it in any MRE based devices (Gong et al., 2005).   

Based on the direction of deformation and the testing magnetic field, the 

operational modes of MRE are categorized as shear mode and squeeze mode (Popp et 

al., 2009; Fu et al., 2013). In the shear mode, the direction of deformation is 

perpendicular to the direction of the testing magnetic field (Bose and Roder, 2009; 

Kaleta et al., 2011; Lu et al., 2012; Gong et al., 2012a; Ge et al., 2013). The shear 

mode can be in oscillatory or rotary shear configuration. The test specimen is 

subjected to a pure shear loading in oscillatory shear (Kaleta et al., 2011), and 

torsional loading in rotary shear (Ge et al., 2013). In squeeze mode, the testing  
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magnetic field and the direction of deformation are parallel (Gordaninejad et al., 

2012; Koo et al., 2010). However, in an actual application, combinations of shear and 

squeeze mode may be encountered. This kind of loading situation is referred to as the 

mixed mode (Li et al., 2012). Like conventional elastomers, the modes of operation 

have a significant influence on the properties of MRE. The load-bearing capacity of 

MRE is higher for squeeze mode when compared to the shear mode (Popp et al., 

2009). Moreover, the mechanisms of dipole interaction between the fillers under 

squeeze mode and shear mode are distinctly different (Liao et al., 2012; Jolly et al., 

1996). In comparison to the squeeze mode, the pure shear mode is an effective way of 

characterizing the property as it represents the volume preserving deformation state 

(Chazeau et al., 2000).    

2.3 Properties of Magnetorheological Elastomer 

Magneto mechanical coupling between the polymer matrix and magnetically 

permeable fillers impart enhanced properties like magnetoviscoelasticity, 

magnetoresistance, piezoresistance, magnetostriction and pseudoplasticity. With these 

unique features, MRE can transcend from being a conventional material to a one 

which open up the possibilities for new technological applications (Behrooz et al., 

2014; Sun et al., 2014; Du and Chen, 2012; Li et al., 2009; Koo et al., 2012). 

Magnetoviscoelasticity is the magnetic field dependent response of MRE when 

subjected to an external loading (Lokander and Stenberg, 2003a). Without an 

exception, MRE is a polymer composite exhibiting viscoelastic behavior. In response 

to the mechanical loading, it behaves like an elastic solid at some instances and at 

some instances as a viscous fluid. In general, the property of MRE is intermediate 
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between the ideal solid governed by Hooke's law and ideal liquid behavior described 

by the Newton’s law of viscosity (Sasso et al., 2011).  

The response of viscoelastic material for an external loading comprises of two 

terms. The first term represents the instantaneous response of the continuous medium, 

and the second term signifies the delayed response involving the loading history at the 

preceding instant (Cosson and Michon, 1996). These properties are expressed in terms 

of complex modulus, creep compliance or relaxation modulus (Roylance, 2001). The 

complex modulus (G*) is the response of a viscoelastic material under dynamic 

loading condition. It represents the resistance offered in response to the applied strain, 

and it is expressed mathematically as (Shaw and MacKnight, 2005; Lakes, 2009),   

 
* "( )t

G G iG
(t)

τ
ε

′= = +  (2.1) 

where, τ represents the applied shear stress, the shear strain is denoted by ε, G' is the 

storage modulus and G" is the loss modulus. Storage modulus represents the ability of 

the viscoelastic material to store the energy during deformation, which could be 

recovered later. The ability of a viscoelastic material to dissipate the energy is 

expressed in terms of loss modulus (Boczkowska et al., 2009). The complex modulus 

is the representation of property in the stress-strain domain, and its equivalent form in 

the force-displacement domain is referred to as complex stiffness (K*) (Nadeau and 

Champoux, 2000), and it is expressed as,    

 * "( )F t
K K iK

x( t)

′= = +  (2.2) 

where, F represents the applied force, x is the displacement, K' is the real part of the 

stiffness and K"  represents the imaginary part of the stiffness.  

The complex modulus/stiffness is also expressed as, 
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 * (1 )G G iη′= +  (2.3) 

 * (1 )K K iη′= +
 

(2.4) 

where, η = tan δ, represents the loss factor of a viscoelastic material, which measures 

its energy dissipation capabilities. The loss factor is also expressed as the ratio G"/G' 

or K"/K' (Lakes, 2009). 

Magnetoviscoelatic property characterization studies are focused on the 

evaluating field-induced changes in G' and G" or G* and η (Zhu et al., 2012; 

Boczkowska and Awietjan, 2009). Variations in these properties are associated with 

the interaction between the fillers, which alter the internal structure and thereby 

modify the stress-strain or force-displacement response (Jolly et al., 1996). The 

property enhancements in MRE under the influence of magnetic field are assessed in 

terms of absolute or relative MR effect (Lokander and Stenberg, 2003a; Gong et al., 

2005; Chen et al., 2010a; Dong et al., 2012). Absolute MR effect measures the 

property enhancements from the non-magnetized to magnetized state of MRE. The 

relative MR effect is used to quantify the improvement with relative to the properties 

under non-magnetized state. Though both the approaches provide the realistic 

assessment of the smart characteristics of MRE, the relative MR effect is more 

effective as it depends on the zero field properties (Chen et al., 2010a; Zhu et al., 

2013).  

The electrical conduction characteristics of MRE depend on the quality of 

contacts that existed between the conductive fillers in a nonconductive host matrix 

(Bossis et al., 2001). Under the influence of magnetic field, the electrical properties of 

MRE are altered, which is referred to as the magnetoresistance (Huang et al., 2015). 

The magnetoresistive characteristics of MRE are sensitive to the susceptibility of the 
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fillers to align in the direction of the applied magnetic field. Under magnetized state, 

the separation distance between the fillers is reduced due to the dipole interaction. 

Consequently, a conductive path for the applied current is formed due to the tunneling 

effect (Li et al., 2009; Kchit and Bossis, 2009). The contacts between the fillers are 

improved at a higher magnetic field as the magnetic force of attraction brings the 

fillers closer (Tian et al., 2013a; Huang et al., 2015). The rate of enhancement in the 

electrical characteristics is significant at lower magnetic field strength, but it is 

reduced at a higher magnetic field strength. This state could be envisioned as the 

condition where the particles are optimally close enough, in which case the resistance 

change in the sample is not pronounced (Bica et al., 2014; Huang et al., 2015).  

The resistivity of isotropic MRE is higher compared to the anisotropic MRE as 

the random distribution of fillers is not beneficial to attain the contact between 

neighboring fillers. However, the conductivity of the isotropic MRE is not varied 

above a certain level of filler addition, referred to as the percolation threshold of 

volume fraction. In contrast, for an anisotropic MRE, percolation threshold does not 

exist rather; the resistivity values are decreased when the volume fraction is increased 

from 5% to 30% (Bossis et al., 2001; Kchit at al., 2009). The conductive 

characteristics of MRE are also improved by doping with the additives. The graphite 

powder (Tian et al., 2013a) and graphene (Bica et al., 2014) are used to enhance the 

electrical characteristics of MRE.    

Unlike magnetic field, the electrical properties of MRE are also sensitive to 

the external pressure. This attribute of MRE is referred to as the piezoresistivity (Li et 

al., 2009). The phenomenon of piezoresistivity is similar to the magnetoresistance, 

where the filler particles are brought closer by the application of mechanical pressure 
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(Wang et al., 2009; Ausanio et al., 2011). Change in resistivity of MRE depends on 

the intensity of applied pressure. During initial loading, the rate of reduction in the 

resistivity under applied pressure is pronounced and it diminishes at an intermediate 

range of loading (Huang et al., 2015; Tian et al., 2013a). At higher loading, the 

resistance change is insignificant as the applied pressure brings the filler particles 

closer where the quality of contact cannot be improved further. These novel 

characteristics exhibited by MRE under mechanical and magnetic field loading have a 

great scope in the development of sensing devices (Li et al., 2009).    

MRE exhibits a significant change in dimension when subjected to the change 

in the magnetization state. This phenomenon is referred to as the magnetostriction 

(Guan, et al., 2008). The mechanism of magnetostriction in MRE is different 

compared to the rare-earth materials, where the orientation and geometry of the 

crystals determine the effect (Aga et al., 2008; Ginder et al., 2002). Magnetostriction 

in MRE is associated with the dipole interactions caused by the alignment of magnetic 

moments in the direction of applied field. This promotes the displacement and 

rotation of fillers inside the soft matrix resulting in dimensional variation of the 

specimen (Guan et al., 2008).    

The magnetostriction in MRE is a function of the orientation of the fillers 

inside the matrix (Guan et al., 2008). Maximum magnetostriction is noticed for MREs 

pre-structured perpendicular to the direction of the applied field and least for the 

MREs with chain direction parallel to the direction of magnetic field. The 

magnetostriction in isotropic MRE is intermediate between the above mentioned cases 

of anisotropic structures (Guan et al., 2008). The magnetostrictive effect mainly 

depends on the content of fillers, and it attains a maximum value with the optimum 
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filler content (Aga et al., 2008, Guan et al., 2008). It is pronounced in MRE with 

softer matrix compared to the stiffer matrix (Du and Chen, 2012; Aga et al., 2008) and 

it exhibits hysteretic characteristics. This typical characteristic of MRE depends on 

the interaction between the filler and matrix at the interface (Du and Chen, 2012; 

Bednarek, 1999). Like conventional magnetic materials, the magnetistrictive effect in 

MRE saturates at a higher magnetic field (Ginder et al., 2002; Guan et al., 2008). The 

rate of increase in magnetostrictive effect is pronounced at a lower magnetic field and 

it is reduced at higher magnetic field due to the reduction in the relative increase in 

the field-induced interaction between the fillers (Guan et al., 2008).   

Pseudoelasticity in MRE is the irreversible change in the shape under the 

influence of magnetic field and a complete recovery of the initial configuration once 

the field is turned off (Nikitin et al., 2004). Under magnetized state, the deformation 

of the sample under complete shear stress recovery is unchanged with time, and it 

disappears once the magnetic field is turned off. This phenomenon is associated with 

the dipole interaction between the fillers, which reserves the new shape under 

magnetized state; caused by the extension or compression under external mechanical 

force. Consequently, a complete equilibrium state is achieved, and the samples behave 

like a plastic material (Stepanov et al., 2008). The dipole interaction between the 

fillers vanishes as the magnetic field is turned off, which results in the dominance of 

matrix elasticity (frozen under the magnetized state) to regain the original shape of the 

sample (Stepanov et al., 2007).    

2.4 Viscoelastic property characterization of MRE 

The properties of MRE are characterized by adopting conventional viscoelastic 

property measurement techniques. These tests are performed under the influence of an 



23 
 

external magnetic field to assess the field sensitive characteristics (Lokander and 

Stenberg, 2003a). Generally, the properties of viscoelastic solids are characterized by 

static or dynamic mechanical analysis techniques (Kumar et al., 2012). The static tests 

are focused on measuring the creep or relaxation response of a material for the unit 

step input. In creep test, the time-dependent strain resulting from the constant stress is 

measured. The stress relaxation is an alternative form of the static test, which 

involves, monitoring the time-dependent stress resulting from the steady-state strain 

(Lakes, 2009). Static tests are performed under tensile or torsion loading or by using 

indentation techniques (Roylance, 2001; Basdogon and Dikmen, 2011; Li et al., 

2010a). Creep and relaxation tests are more convenient for studying the material 

response at a longer time, but it is less accurate at a shorter duration. On the contrary, 

the dynamic mechanical analysis offers a suitable means to investigate the 

viscoelastic properties, which are well suited for the short time range response 

(Roylance, 2001).  

The response of a viscoelastic material under dynamic loading is distinguished 

as linear and nonlinear (Ng et al., 2010; Gong et al., 2012a). Linear viscoelastic 

behavior implies that the response stress/force is proportional to the input 

displacement/strain (Deshpande et al., 2010; Tariq et al., 1998). Within the linear 

viscoelastic region, the response stress in a material is described by a single 

trigonometric function (Cho et al., 2005). The onset of nonlinearity appears as the 

strain is increased beyond a certain limit (Gong et al., 2012a; Renou et al., 2010). At 

larger strain, the stress-strain responses no longer exhibit linear relation due to the 

contribution from the high-order harmonics. In the nonlinear region, the complex 

modulus, which represents the elastic and viscous characteristics, loses its physical 



24 
 

significance (Cho et al., 2005). Moreover, the appearance of nonlinearity is relevant in 

the applications of MRE, and it needs to be addressed to predict the performance of a 

device.  

Generally, the material properties in the linear viscoelastic region are 

characterized by small amplitude oscillatory shear test (SAOS) (Deshpande et al., 

2010; Uthayakumaran et al., 2002). The large amplitude oscillatory shear (LAOS) 

method is often used to probe the nonlinear behavior of a material (Ewoldt et al., 

2010). However, the LAOS is also used to assess the transition from linear to the 

nonlinear viscoelastic response in a material (Deshpande et al., 2010;Gong et al., 

2012a; Ewoldt et al., 2010). In this approach, the onset of nonlinearity is assessed by 

the change in elliptical shape of stress-strain Lissajous plots (Gong et al., 2012a). 

Alternatively, the nonlinear response is also assessed from the deviation in the linear 

relationship between stress-strain curves (Ren and Krishnamoorti, 2002; 

Uthayakumaran et al., 2002; Glenn, 1963) or by the appearance of higher harmonics 

(odd) in Fourier transforms rheology (Wilhelm et al., 2003). The hysteresis loop 

approach of assessing transition behavior is an effective, and most widely used 

strategy as it provides the real-time graphical representation of nonlinear behavior in a 

material (Cho et al., 2005; Ewoldt et al., 2010). Moreover, the linear viscoelastic 

behavior is also affected by the contribution from other sources like the inertia of the 

test setup. Therefore, it is essential that the source of nonlinearity should be solely 

from the material response, and the contribution of other harmonics needs to be 

eliminated (Gong et al., 2012a; Collyer and Clegg, 1998).   

The linear viscoelastic response of a material is represented in the form of a 

strain-independent complex modulus evaluated from SAOS test (Menard, 1999). This 



25 
 

approach involves the measurement of delayed harmonic force response for the 

known input harmonic displacement. Generally, these tests fall under two categories, 

i.e resonant and nonresonant method (Gade et al., 1994; Medilia, 1978). In the 

resonant method, viscoelastic property measurements are focused on the resonance 

region of the dynamic system. However, this approach is not effective to characterize 

the properties in nonresonant region as the viscoelastic behavior of a material is 

sensitive to the frequency. On the contrary, the properties in the nonresonance region 

are characterized by nonresonant method (Ooi, and Ripin, 2011; Thomson, 1998). 

The DMA, Rheometry and conventional forced vibration tests are the widely used 

techniques to evaluate the nonresonance characteristics of a viscoelastic material. 

These methods are based on the measurement of response for the known steady-state 

harmonic input (an excitation contains only a single frequency of the sine wave) or a 

swept sine input (frequency of excitation of sine waves is continuously varied within 

the frequency range of interest). The DMA and rheometer based measurements 

evaluate the properties under a sine swept input (Romrio et al., 2003; Lu et al., 2012; 

Chen et al., 2007b; Li et al., 2010b; Olabide et al., 2014). But, the conventional forced 

vibration tests are employed with either frequency sweep or steady-state excitation 

signals for characterizing the properties (Mallik et al., 1999; Romrio et al., 2003, 

Koblar and Boltezar, 2013; Nadeau and Champoux, 2000). The steady-state input 

yields better results as it excludes the errors associated with the frequency sweep 

(ASTM E756-04). Moreover, the forced vibration test methods are economical as it 

avoids the need for the costlier test set up.   

The conventional forced vibration tests on a viscoelastic material are performed 

by using a hydraulic pulsator (Lokander and Stenberg, 2003a; Zhu et al., 2012) or an 
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electrodynamic shaker (Mallik et al., 1999; Romorio et al., 2003) as per the ISO 

standard 10846-1. Alternatively, an impact hammer is also used to provide the 

external excitation. According to the standard, the forced vibration tests are 

categorized as direct stiffness measurement (ISO 10846-2) or indirect stiffness 

measurement (ISO 10846-3). The direct stiffness method includes two different types 

of dynamic stiffness estimations; dynamic drive point stiffness and dynamic blocked 

transfer stiffness. The dynamic drive point stiffness estimates the stiffness with 

respect to the force at the drive point end. Stiffness assessed from the drive point 

measurement is often affected by the inertial mass, which limits its applicability over 

higher frequencies (Nadeau and Champoux, 2000; Ooi and Ripin, 2011). In contrast, 

the dynamic blocked transfer stiffness could overcome the limitations of drive point 

measurement by estimating the stiffness with respect to the blocked force (Ooi, and 

Ripin, 2011). This approach allows to carryout the viscoelastic property 

characterization studies at higher frequencies (Thomson, 1998).  

The viscoelastic property estimation from dynamic blocked stiffness method is 

through the measurement of receptance (Lin et al.,2003; Ooi, and Ripin, 2011), 

transmissibility (Mallik et al., 1999; Ramario et al., 2003; Koblar and Boltezar, 2013) 

or hysteresis behavior (Ju et al., 2012; Zhu et al., 2012). In receptance measurement, 

the dynamic stiffness is obtained from the response plot corresponding to the 

receptance vs excitation frequency. The phase difference between the force and 

displacement signal yields the loss factor. The transmissibility measurement includes 

the measurement of dynamic response in terms of force or displacement 

transmissibility. The displacement transmissibility is the ratio of the 

displacement/velocity/acceleration at the output side to the input side (Ramorino et 
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al., 2003; Koblar and Boltezar, 2013). Correspondingly, the force transmissibility is 

the ratio of the force at the output side to the input side (Hegde et al., 2014). Both 

approaches have the same response function but differ with the system of reference 

(Rao, 2004). The displacement transmissibility is preferred when the device is to be 

protected from the vibrations arising from the point of attachment. Conversely, the 

force transmissibility is considered when a vibrating source has to be isolated from 

the system of concern. The receptance and transmissibility based property 

measurements can be performed under steady state or frequency sweep excitations. 

On the contrary, the hysteresis loop based measurement approach is purely based on 

steady-state excitations. In this method, the material properties are evaluated by the 

measurement of output response for steady-state harmonic excitations (Lakes, 2009). 

The response lags the input excitation; resulting in an elliptical shaped hysteresis 

loop. These plots are represented in the force-displacement domain (Zhu et al., 2012; 

Li et al., 2013) or stress-strain domain (Li, 2010b; Ju et al. 2012). In particular, the 

process of estimating the stiffness and damping are simpler as the slope yields the 

dynamic stiffness, and the damping characteristics are computed from the area of the 

hysteresis loop (Brown, 1996).  

2.5 Processing parameters of MRE  

The key ingredients of MRE are matrix and the filler, which are mixed during the pre-

cure state. The composition of the key ingredients can be varied to during synthesis, 

which modifies the properties under magnetized and non-magnetized state. The 

present section is focused on the influence of operating parameters like the type of 

matrix, type of filler, the content of fillers, additives and size / shape of the fillers on 

the field-induced performance of MRE.    
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2.5.1 Matrix Material 

MRE is a solid analog of Magnetorheological fluid (MRF), where the carrier oil is 

replaced by an elastomer matrix. The solid matrix has an obvious advantage in 

overcoming the sedimentation and leakage problems often encountered in MRF 

devices. The choice of matrix for MRE include; silicone, natural rubber, 

polyurethane, butyl rubber and SEBS (Chen et al., 2007b; Boczkowska and Awietjan, 

2009; Gong et al., 2012a; Zhu et al., 2013; Olabide et al., 2015; Khairi et al. 2016; 

Perales-Martínez et al., 2017). Matrix materials used for the synthesis of MRE are 

categorized as high temperature vulcanized (HTV) rubber and room temperature 

vulcanized (RTV) rubber. HTV matrix of MRE is distinguished by the temperature at 

which crosslinking process is carried out (Chen et al., 2007b). The RTV elastomer 

matrix based MRE is prepared by mixing polymer melt with the ferromagnetic 

particles and curing under room temperature conditions, initiated by a curing agent 

(Perales-Martínez et al., 2017). Mixing process of matrix and filler entraps the air 

bubbles into the mixture, which could result in a defective MRE sample. Entrapped 

air in the matrix is removed by a vacuum degassing process before the curing process 

is initiated (Li et al., 2010b). Synthesis of HTV MRE involves blending of matrix and 

fillers by mastication via double-roll mill or conventional mixing process (Chen et al., 

2007b; Zhang et al., 2010). The curing process of HTV MRE is carried at a 

temperature higher than the room temperature. Depending on the type of matrix, the 

curing temperature varies, which in turn influences the viscoelastic properties of MRE 

(Chen et al., 2007b).    

The elastomer matrix has a significant influence on the overall properties of 

MRE. A matrix of MRE comprises of long chains of molecules joined together by a 
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crosslinking process. Based on the crosslink density, the properties of elastomers vary 

significantly, which is distinguished by the shore hardness (Zhu et al., 2013). Higher 

the crosslink density of the elastomer, larger will be the shore hardness value. The 

shore hardness of a particular type of MRE is enhanced by the increase in the content 

of filler (Rajhana et al., 2013; Yunus et al., 2016; Zhu et al., 2013), which in turn 

modify its field sensitive characteristics. The mobility of the molecular chains have a 

considerable influence on the alignment of a filler under the magnetic field (Lokander 

and Stenberg, 2003a; Rabindranath and Böse, 2013; Zhu et al., 2013). Molecular 

chains of a softer matrix have higher mobility, which experiences a least resistance for 

the motion (Lokander and Stenberg, 2003a; Rabindranath and Böse, 2013; Zhu et al., 

2013). As a consequence, it yields a larger MR effect than the harder matrix based 

MRE (Wang et al., 2006). However, the absolute MR effect is independent of the 

hardness of the matrix material (Lokander and Stenberg, 2003a; Li et al., 2010b; Yang 

et al., 2015). Apart from the cured state properties, the field-induced performance of 

MRE is also a function of viscosity of the matrix under pre-cure state (Lu et al., 2012; 

Ge et al., 2013). Lower the viscosity of the matrix, easier will be the particle 

movement to form a chain like structure along the direction applied magnetic field 

(Boczkowska and Awietjan, 2009). This results in an improved interaction between 

the fillers under the magnetized state and enhances the MR effect (Ge et al., 2013; Lu 

et al., 2012). Furthermore, the matrix material also has an influence on the transition 

from linear to nonlinear viscoelastic behavior (Olabide et al., 2015). In a harder 

matrix, the influence of the particles is not pronounced; hence, the transition from 

linear to nonlinear response occurs at a lower strain level. While, the MRE based on 

softer matrix, the LVE region is relatively larger.  
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The field sensitive characteristics of MRE are enhanced by introducing a 

plasticizer (Lokander and Stenberg, 2003a, 2003b; Chen et al., 2007; Kaleta et al., 

2011; Rabindranath and Böse, 2013; Khairi et al., 2016) or by preparing a hybrid 

polymer matrix (Hu et al., 2005; Wang et al., 2007; Gong et al., 2012b; Wang et al., 

2015). The plasticizer is a kind of addition in the rubber technology in which, it can 

be dissolved in the rubber after mixing. Plasticizer acts like a lubricant which allows 

the molecular chains of rubber to glide easily. Addition of the plasticizer modifies the 

flexibility of the matrix and enhances the MR effect by improving the filler 

interactions under the magnetic field (Ge et al., 2013; Khairi et al., 2016). The choice 

of plasticizer depends on the chemical affinity with the particular type of matrix 

material. On the contrary, the hybrid matrix is a polymer blend obtained by mixing 

two or mode elastomers. The salient feature of a hybrid matrix is to synergize the 

properties of resulting polymer with the characteristics it inherited from the 

constituent matrix material. For example, silicone polymer with good elasticity, 

blended with polystyrene having a high modulus might yield a polymer with excellent 

elasticity and larger modulus (Wang et al.,2007). However, the property of a hybrid 

matrix depends on the compatibility between the constituent matrix materials. An 

incompatibility results in the immiscibility between the two constituents in the pre-

cure state and forms a conglomeration of one matrix inlaid within the other (Hu et al., 

2005; Wang et al., 2007). Additionally, an incompatible hybrid matrix results in a 

distinctively different filler distribution when compared to a MRE with single 

matrix. In such hybrid MRE, a majority of the filler particles are distributed in the 

relatively softer matrix. This increases the effective filler concentration compared to 

the single matrix based MRE and enhances the MR effect (Hu et al., 2005). Moreover, 



31 
 

the agglomeration of particles intensifies with the increased incompatibility of the 

matrix. As a consequence, the fillers disperse at the surface of the relatively rigid 

phase or at the interior the holes of the matrix. The particle agglomerations are 

beneficial as it functions as a single larger particle to enhance the magnetic force of 

attraction (Hu et al., 2005). Furthermore, presence of a harder matrix surrounded by 

the softer matrix enhances the zero field modulus by imparting additional reinforcing 

effect (Wang et al., 2013). The compatibility between the matrices in a hybrid matrix 

can be improved by adding the Inter Penetrating Network (IPN). This promotes the 

formation of network among the immiscible polymer, which improves the particle-

matrix interaction to attain superior field-induced characteristics (Yu et al., 2015). 

Although the hybrid matrix based MRE performs better than the single matrix MRE, 

its properties deteriorate above the optimum limit as the compatibility between the 

matrix is lost (Yu et al., 2015).  

Like conventional filled rubbers, the damping characteristics of MRE also 

depends on the intrinsic properties of the matrix (Yang et al., 2012). The inherent 

damping differs with the type of matrix, and it governs the overall damping properties 

of MRE. A matrix with larger damping results in a higher loss factor compared to 

MRE with lower damping matrix material. For example, a reinforcement of 70 wt % 

of fillers, the loss factor of MRE based on Bromo butyl rubber is 0.64, while for a 

natural rubber based MRE, the loss factor is 0.189. The corresponding properties of 

Bromo butyl and natural rubber under unfilled state are in the range 0.05 - 0.5 and 

0.01 - 0.08 respectively (Zhu et al., 2013).    

The damping in the matrix originates due to the movement of the adjacent 

molecular chains under the applied deformation (Ju et al., 2015). For an unfilled state 
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of elastomer or the MRE with a lower percentage of filler addition, the distance 

between the fillers is larger. As a consequence, the rubber molecules readily interact 

under the applied strain (Ge et al., 2013; Wang et al., 2015) and contribute to the 

damping of MRE. At larger content of fillers, the mobility of the molecular chain is 

hindered by the presence of more particles. As a consequence, the matrix-filler 

interface friction dominates the molecular chain friction (Yang et al., 2012). On the 

contrary, the mechanism of damping in hybrid MRE is different than that of MRE 

with single matrix. In addition to the intrinsic damping of the matrix, an incompatible 

hybrid matrix contributes to damping by the existence of matrix-matrix interface 

friction (Gong et al., 2012b). However, this effect can be neglected when a good 

affinity between the matrices is formed, which results in a neat blend similar to the 

MRE with a single matrix material (Yu et al., 2015).  

2.5.2 Types of fillers 

Magnetically sensitive fillers distinguish MRE from the conventional filled 

elastomers. The reinforcing fillers used for the synthesis of MRE are categorized as 

magnetically hard and magnetically soft (Kramarenko et al., 2015). Hard fillers are 

magnetically anisotropic with a specific magnetization direction. This implies that the 

hard fillers have non-zero magnetization in the absence of an external magnetic field 

(Kramarenko et al., 2015; Lockette et al., 2011). Accordingly, the MREs synthesized 

using hard fillers attains the attributes of a permanent magnet. In contrast, MRE 

reinforced with magnetically soft particles do not have a net magnetization; therefore, 

it demonstrates usual viscoelastic behavior in the absence of an external magnetic 

field (Lokander and Stenberg, 2003a; Zajac et al., 2010).  
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The response of MRE driven by an external magnetic field is distinctly 

different for magnetically hard and soft fillers. Existence of magnetic anisotropy in a 

hard filler based MRE (HMRE) results in the rotation of a filler in a semi-rigid matrix 

(Stepanov et al., 2017). This imparts a field-induced variation in the properties which 

opens up the possibility of realizing MRE based actuators (Lockette et al., 2011; Koo 

et al., 2012). The list of fillers for HMRE includes: barium hexaferrite, strontium 

ferrite, samarium cobalt and neodymium magnet (Lockette et al., 2011; Koo et al., 

2012; Borin et al., 2013). Moreover, HMRE has the advantage to vary the properties 

in two ways by applying a field in opposite directions, which is in fact beneficial to 

attain larger bandwidth of field sensitivity (Stepanov et al., 2012). Furthermore, the 

response of HMRE under shear loading is complex as the orientation of particle 

magnetization with respect to the applied field is altered. This results in a rotation of 

embedded particles inside the matrix, which in turn affect its bulk material properties. 

The resulting behavior is magnetically hysteretic in nature, which limit its relevance 

as a resilient material for vibration mitigation applications.   

On the contrary, the fillers used for synthesizing the MRE for vibration 

mitigation applications must have high permeability, high magnetic saturation and 

low remnance (Lokander and Stenberg, 2003a; Zajac et al., 2010). For an anisotropic 

MRE, higher permeability and saturation lead to the better alignment of fillers along 

the direction of applied magnetic field. Correspondingly, for an isotropic MRE, these 

attributes are beneficial to attain maximum molecular attraction and a larger 

magnetorheological effect. Commonly used soft fillers for synthesizing MRE include 

carbonyl iron, Nickel and cobalt (Song et al., 2009; Padalka et al., 2010; Lokander 
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and Stenberg, 2003b). The carbonyl iron powders (CIP) have the maximum magnetic 

saturation of about 2.1 T (Jolly et al., 1996).    

The properties of soft fillers have a significant influence on the viscoelastic 

behavior of MRE. Under non-magnetized state, response of MRE is governed by the 

mechanical properties of the filler. For the same level of filler content, MRE loaded 

with Ni particles exhibits superior properties compared to the CIP reinforcement 

(Padalka et al., 2010). However, under magnetized state, the enhancement in stiffness 

and damping depends on the magnetic properties of soft filler. The MR effect is larger 

for CIP based MRE than the Ni-based MREs. This difference is attributed to the 

permeability and magnetic saturation of the fillers to align along the direction of 

applied magnetic field. Particles with a higher permeability have a greater particle-

particle interaction in response to the applied field. Meanwhile, the ferromagnetic 

fillers with lower permeability will not line uniformly under the magnetic field and 

exhibits lower field-induced property enhancement. Consequently, the larger MR 

effect is observed for CIP, and lower for MRE reinforced with Ni (Padalka et al., 

2010). Therefore, CIP is contemplated as the ideal choice of filler to synthesize MRE 

for vibration mitigation application.    

The field-induced characteristics of CIP based MRE is sensitive to the 

presence of carbon content (Yu et al., 2012). Magnetic properties are deteriorated 

significantly with the increase in carbon content. Larger variation in the field-induced 

shear modulus and damping is registered for MRE reinforced with low carbon content 

CIP fillers. However, the field-induced enhancements are relatively reduced as the 

increased carbon content hinders the alignment of the domain wall of the fillers. This 
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phenomenon results in a relative reduction in the permeability of the fillers and 

modifies the field-induced characteristics of MRE (Yu et al., 2012).    

2.5.3 Content of Fillers 

The field dependent characteristics of MRE are associated with the interaction 

between the magnetically sensitive fillers. Under the influence of magnetic field, 

these fillers function as magnetic dipoles (Stepanov et al., 2008). The total number of 

dipoles present in MRE depends on the amount of fillers present in the matrix. The 

content of fillers are generally expressed in terms of weight percentage or volume 

percentage (Lokander and Stenberg, 2003a; Chen et al., 2007b; Sun et al., 2008; 

Boczkowska and Awietjan, 2009). Weight percentage signifies the weight of the 

fillers present within the sample and volume percentage represents the total volume of 

the fillers within the matrix. Weight percentage or volume percentage is unique for a 

particular type of MRE as its conversion depends on the density of the elastomer 

matrix. For example, the content of filler with 60% by weight corresponds to 15% for 

a natural rubber based MRE and 11% for a RTV silicone based MRE (Gong et al., 

2007).    

Addition of fillers into the matrix modifies the properties of MRE under 

magnetized as well non-magnetized state. The enhancement in the modulus under 

non-magnetized state is attributed to the reinforcing effect, which can be represented 

by the modified Guth-Gold equation (Yu et al., 2015). The reinforcing effect is not 

pronounced at lower filler concentration, but the variations are significant at large 

fractions of filler addition (Gong et al., 2005; Molchanov et al., 2014). Meanwhile, 

the tensile strength and the tear strength of MRE are reduced at large filler content 

(above 60 wt %) as it attains a discontinuous structure compared to an unfilled rubber 
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(Chen et al., 2007b; Wu et al., 2009). Apart from modifying the zero field properties, 

the content of filler has a significant influence on the field dependent characteristics 

of MRE. At lower particle content, the distance between the fillers is relatively larger 

and the amount of free rubber occupied between the fillers are more (Fan et al., 2011; 

Wang et al., 2015). However, with the increase in the content of filler, the distance 

between the fillers is relatively reduced and the magnetic force of attraction is 

increased. This improves the properties of MRE under the magnetic field and thereby 

enhances the MR effect (Stepanov et al., 2007; Boczkowska and Awietjan, 2009; Fan 

et al., 2011; Ge et al., 2013).  Variation in the field sensitive characteristic of MRE is 

correlated to the changes in the magnetic permeability of MRE by the addition of 

fillers. The permeability of MRE is increased as the matrix is loaded with large 

content of ferromagnetic fillers, which offers a path for the flow of magnetic field 

(Wang et al., 2007). The permeability of MRE is relatively low for the addition of 

smaller quantity of fillers and it improves as the amount of fillers in the matrix is 

increased. For a silicone-based MRE, permeability varies from 1.6 to 4.3 for the 

increase in particle content from 10 to 30 percentage by volume (Schubert and 

Harrison, 2016).   

At very large filler concentration, the properties of MRE are deteriorated 

(above 80 wt %) (Sun et al., 2008; Chen et al., 2007). With the increase in filler 

content, the amount of elastomer present in MRE is reduced. Subsequently, the 

toughness of the MRE is decreased, and it becomes brittle (Gong et al., 2005). 

Moreover, increase in the content of fillers reduces the separation distance between 

the particles. Consequently, the amount of free rubber trapped between the fillers is 

reduced, and a contact is established between the fillers. This creates an unfavorable 
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condition for the interaction between the fillers and thereby diminishes the MR effect 

(Gong et al., 2005; Chen et al., 2007b; Sun et al., 2008). Additionally, at higher 

particle content, the zero field modulus of the MRE is larger, which has a significant 

influence on the relative MR effect (Chen et al., 2007b; Gong et al., 2007). These 

aspects of MRE substantiate the existence of an optimum quantity of filler, which 

maximizes the relative MR effect. Past literatures have reported the influence of 

content of fillers on the field-induced performance of MRE. These studies confirm the 

existence of optimum content of fillers in the range of 25 to 35% by volume 

(Lokander and Stenberg, 2003b; Stepanov et al., 2008; Zając et al., 2010; Yang et al., 

2013a; Hegde et al., 2015; Wang et al., 2015; Böse and Röder, 2009), which was 

verified theoretically by Davis (1999). The corresponding values in terms of weight 

percentage are 60-80% (Gong et al., 2005; Sun et al., 2008; Ju et al., 2012; Yang et 

al., 2012; Ge et al., 2013). Like a conventional ferromagnetic material, MRE also 

exhibits the magnetic field-induced saturation behavior. The saturation condition 

refers to the state where there is no increment of magnetization due to the alignment 

of all magnetic moments in the direction of magnetic field flux lines (Kashima et al., 

2012). This attribute of MRE depends on the content of fillers present in it. At a 

higher percentage of fillers, the saturation magnetization of MRE is increased. 

However, these variations are not pronounced for the particle content above 50% by 

weight (Yunus et al., 2016).    

Influence of particle content on the field-induced characteristics of isotropic 

and anisotropic MRE are distinctly different. An anisotropic structure is characterized 

by the formation of ordered arrangement of the fillers due to the pre-cure magnetic 

field (Ge et al., 2013; Fan et al., 2011). For the same level of filler loading, the 
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distance between the fillers in an isotropic MRE is larger than the anisotropic MRE. 

This results in an enhancement of magnetic force between the fillers and yields a 

larger magneto induced modulus (Böse and Röder, 2009). At lower filler content, 

larger distance exist between the adjacent chains, and it reduces as the content of 

fillers is increased. For the particle content above 33% by volume, the microstructure 

of isotropic and anisotropic is indistinguishable as the fillers are closely spaced 

(Boczkowska and Awietjan, 2009). The distribution of filler particles is uniform in 

isotropic MRE but in an anisotropic MRE, effective filler content is varied throughout 

the cross section. Due to trapped elastomer between the particles, the effective filler 

content is higher inside the particle chain and away from the chain it is relatively  

lower  (Boczkowska and Awietjan, 2009).    

The filler particles in MRE tend to agglomerate as the content of fillers 

increased above 70 wt % (Fan et al., 2011; Aloui and Klüppel, 2015; Yunus et al., 

2016). Compared to anisotropic structure, the particle agglomerations are more 

pronounced in isotropic MRE. Moreover, the smaller-sized fillers are susceptible to 

agglomeration (Fan et al., 2011). The particle agglomerations are beneficial in 

enhancing the MR effect when its orientation is along the direction of the applied 

magnetic field (Lokander and Stenberg, 2003a). Furthermore, the particle content has 

a significant influence on the LVE region. The  LVE limit is decreased  with the 

increase in particle content (Tian et al., 2013b; Olabide et al., 2015) which is 

explained by the filler reinforcement experienced by the matrix due to physical 

interactions.   

Apart from enhancing the stiffness, addition of fillers influences the damping 

characteristics of MRE. These contributions are associated with the intrinsic damping 
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of the fillers and the damping arising from the matrix-filler interface (Fan et al., 2011; 

Chen et al., 2008a; Sun et al., 2008; Jian-feng and Gong, 2009). Since the particle size 

is smaller, its contribution on the damping of MRE is negligible (Ju et al., 2012). 

However, the influence of matrix-filler interface is significant as the content of fillers 

is increased (Sun et al., 2008). The contribution of matrix-filler interface is originated 

due to the interface friction between the particle and matrix under the external loading 

(Yang et al., 2012). At a larger content of fillers, the incompatibility between the 

matrix and filler intensifies, which is characterized by the formation of loosely a 

bonded interface. As a consequence, the matrix-filler interface friction is increased, 

which enhances the overall damping characteristics of MRE (Hu et al., 2005; Yang et 

al., 2012). In contrast, under the external magnetic field, the mechanism of interface 

friction is different as the movement of the fillers is restricted by the magnetic field, 

which modifies the mechanism of interface damping of MRE (Chen and Gong, 2008; 

Sun et al., 2008; Jian-feng and Gong, 2009; Chen et al., 2008a).    

2.5.4 Additives 

Response of MRE under dynamic loading, depends on the intrinsic properties of 

individual constituents and the interface interaction between the matrix and filler 

(Yang et al., 2012). Based on the nature of interactions, the interface is categorized as, 

strongly bonded interface and a weakly bonded interface (Yang et al., 2012). A 

strongly bonded interface is characterized by the existence of strong interaction 

between the matrix and the filler. The energy dissipation in a strongly bonded 

interface is low as the relative motion between the matrix is not pronounced. 

Meanwhile, a weakly bonded interface comprises of a weak link between the matrix 
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and fillers, which is not effective in load transfer as the part of energy is lost by 

interface friction (Yang et al., 2012; Yu et al., 2017).    

The interface interactions are critical for MRE as the matrix and particle are 

organic and inorganic respectively. An immiscibility between the hydrophobic and 

hydrophilic nature of the constituents results in an incompatibility between the 

magnetic particle and polymer matrix (Malecki et al., 2015; Chen et al., 2016; Yu et 

al., 2017). As a consequence, the mechanical properties are deteriorated. The relative 

motion between the particle and matrix is also increased, which results in an 

enhancement in the damping characteristics of MRE (Malecki et al., 2016; Yang et 

al., 2012; Chen et al., 2016). Moreover, a weakly bonded interface results in the loss 

of magnetic energy at the gaps between the matrix and the fillers, which could 

diminish the field sensitive characteristics of MRE (Wang et al., 2006).  

The compatibility between the matrix and the fillers can be improved by the 

inclusion of additives as the properties of iron particles, and the matrix is inherently 

fixed (Chen et al., 2008b; Li and Sun, 2011; Malecki et al., 2015; Damiani and Sun, 

2016). Additives modify the interface regime between the matrix and the particle, and 

change the properties such as oxidation resistance and stiffness due to an applied 

magnetic field (Behrooz et al., 2015). Property enhancement of MRE by the inclusion 

of additive is either by modifying the properties of a matrix or by enhancing the 

surface properties of the ferromagnetic filler (Chen et al., 2008b; Kaleta et al.,, 2011; 

Qiao et al., 2012; Ge et al., 2013; Malecki et al., 2015; Ismail et al., 2016). Generally, 

these additives are in the form of liquid or powder. 

Liquid form additives improve the properties of MRE by inducing plasticizing 

( Kaleta et al., 2011; Ge et al., 2013; Rabindranath and Böse, 2013) or coupling effect 



41 
 

(Wang et al., 2006; Kashima et al., 2012; Qiao et al., 2012; Chen et al., 2016) between 

the matrix and filler. The plasticizing effect is created by adding the plasticizers into 

the matrix during curing, which enhances the properties of MRE not only by altering 

the rubber mechanisms but also by modifying the surface of a filler particle. The 

choice of plasticizer for MRE depends on the chemical affinity with the parent 

polymer matrix. For example, silicone oil for silicone rubber (Gong et al., 2005), 

paraffin oil for Tefabloc polymer (Kaleta et al., 2011), glycerine for natural rubber 

(Ge et al., 2013), diisooctyl phthalate for polyurethane (Wu et al., 2012) and so on. 

The plasticizers also improve the compatibility between the iron particles and 

polymer matrix and promote the homogeneous dispersion of filler in the rubber matrix 

(Kaleta et al., 2011; Ge et al., 2013; Khairi et al., 2016).       

In an unmodified MRE matrix, the short linkage between the matrix and the 

fillers offers a limited mobility and reduces the freedom of movement for the fillers 

under the applied field. Conversely, by introducing a plasticizer, the viscosity of the 

matrix is reduced. Subsequently, the sliding of molecular chains of the matrix is 

improved and the storage modulus is reduced (Rabindranath and Böse, 2013). This 

attribute of MRE results in a pronounced structuring and more dense arrangement of 

the particles under magnetic field, and leads to a higher storage modulus and larger 

MR effect (Gong et al., 2007; Kaleta et al., 2011; Wu et al., 2013; Rajhana et al., 

2013; Rabindranath and Böse, 2013). In addition, the plasticizer also enhances the 

contribution of intrinsic damping of the matrix as the dissipative heat loss due to the 

enhanced mobility of the polymer chains is increased (Rabindranath and Böse, 

2013).   
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Alternatively, the compatibility between the matrix and the fillers can be 

enhanced by the addition of a coupling agent. The coupling agent improves the metal–

polymer interaction by coating the magnetic particles surface with a functional 

polymer (Behrooz et al., 2015; Malecki et al., 2015,2016; Chen et al., 2016). 

Adsorbed coupling agent enhances the interfacial compatibility between the particles 

without losing the original toughness and softness of the pristine MRE (Qiao et al., 

2012). A coupling agent promotes the formation of closer connections between the 

fillers and matrix through covalent bonds, which improves both chemical and physical 

properties of MRE (Behrooz et al., 2015; Yu et al., 2017). Most often, silane coupling 

(Wang et al., 2006; Behrooz et al., 2015) and titanate coupling agents (Qiao et al., 

2012) are used as coupling agents to enhance the properties of MRE. Additionally, 

these coupling agents improve the dispersion of the fillers and enhance the tensile 

strength of the MRE when compared to the samples with unmodified CIP (Qiao et al., 

2012; Chen et al., 2016). The filler surface modification resulted from the coupling 

agent alleviates the stress concentration by reducing the defects like bubbles and other 

interface defects (Chen et al., 2016). Additionally, the coupling agent also lowers the 

actual content of CIP. The distances between the fillers are relatively increased with 

the addition of coupling agent, which diminishes the field-induced interactions 

between the dipoles (Malecki et al., 2015).  

The mechanical properties of MRE are remarkably enhanced by the addition 

of a powdered form of additives, as it improves the bonding between the elastomer 

and filler (Wang et al., 2015). Generally, nano sized powders are used as additive due 

to higher surface activity and the reinforcing effect (Li and Sun, 2011). The powdered 

form of additives are adsorbed on the surface of CI particles, which enhances the 
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matrix-filler interaction by occupying the gaps at the interface (Chen et al., 2008b). 

Inclusion of powdered form of additives increases the storage modulus of MRE by 

inducing the hydrodynamic reinforcement effect (Aishah et al., 2016). Often used 

powdered form of additives are: carbon black (Chen et al., 2008b), carbon nanotube 

(Li and Sun, 2011), graphite (Tian et al., 2011), graphene (Bica et al., 2014) and 

silicon carbide (Yang et al., 2013a). Apart from enhancing the mechanical properties, 

the electrical properties  of MRE is also improved by doping with the additives. For 

example,  graphite and graphene particles are added to enhance the magnetoresistance 

of MRE.   

Enhancement in the overall magnetorheological properties of MRE depends 

on the magnetic characteristics of the additive. Magnetically insensitive additive 

functions only as a reinforcing medium. However, a magnetically active additive has 

an obvious advantage in contributing to the field-induced characteristics of MRE 

apart from serving as a reinforcing medium. CNT is one such additive, which not only 

improves the interface but also contributes to the enhancement in magnetic 

characteristics of MRE (Aishah et al., 2016). The saturation magnetization of CNT 

doped MRE is relatively higher than the unmodified MRE as CNT inherits magnetic 

properties attained during the CVD process (Zhang et al., 2001; Zilli et al., 2005). 

However, for MRE doped with non-magnetic additives, the actual weight ratio of the 

fillers is lower than unmodified MRE, which results in a decrement of field-induced 

characteristics (Yang et al., 2013a).    

The overall property enhancement by an additive depends on its size. A strong 

filler aggregate structure is formed when the CIP is doped with smaller-sized fillers. 

The bonding is weakened as the size of the additives is increased and the 
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corresponding aggregate structure is easily damaged (Yang et al., 2013a). With an 

increase in size of additive, a locking effect is created to obstruct the motion of matrix 

chains, which overweigh the field-induced enhancements. Moreover, the particle 

chains are stronger for the MRE doped with the additive of smaller size (≤ 0.06 µm), 

and the chain structure is slimmed and shortened for larger size (≥ 0.6 µm) owing to 

the obstruction to the alignment of fillers in response to the magnetic field.    

The field-sensitive properties attain a larger values for MRE doped with 

optimum quantity of additives (Yang et al., 2013a; Tian et al., 2011). This signifies 

the existence of a larger fraction of strongly bonded interface between the matrix and 

fillers. Corresponding to the optimum level of additive, the internal structure of MRE 

is strengthened and the modulus is increased. The flexibility of MRE is affected as the 

degree of molecular motion and slippage at the matrix-filler interface is reduced 

(Aishah et al., 2016; Yu et al., 2017). As a consequence, the contribution from 

intrinsic damping and the interface damping on the overall damping of MRE is 

reduced. However, the MR effect may be compromised owing to the improvement in 

absolute MR effect as it is unrealistic to target for high relative MR effect (Li and 

Sun, 2011). As the content additives exceed the optimum level, the aggregate 

structure of filler and matrix is deteriorated, and the interface is dominated by weak 

bonds. Subsequently, the stress transfer between the particle and matrix is weakened 

due to increased dissipation caused by the discontinuous structure (Yang et al., 

2013a). Therefore, it is quite possible to develop MRE, tailor-made to suit a particular 

application by a proper combination of matrix, filler and the additives.    
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2.5.5 Size and shape of fillers 

The size and shape of the reinforcing fillers have an important influence on the 

properties of MRE under active as well as the passive state. In general, the geometry 

of the fillers used for MRE is in the form of  nanowire, spherical and irregular shape 

(Lokander and Stenberg, 2003b; Song et al., 2009; Li and Zhang, 2010). The diameter 

of the spherical particles ranges from 6-40 µm (Demchuk and Kuzmin, 2002; Böse 

and Röder, 2009) and the dimensions of nanowire are 15 µm long and 298 ± 40 nm 

diameter (Song et al., 2009). The size of irregularly shaped fillers varies from 60-200 

µm (Lokander and Stenberg, 2003b). For all the geometries of fillers, the stiffness of 

MRE is increased monotonically with an increase in weight fraction (Stepanov et al., 

2007; Böse and Röder, 2009). However, increased contact area between the fillers and 

elastomer matrix yields a larger stiffness for nanowire reinforced MRE than the 

spherical particles (Song et al., 2009). The nanowire geometry of filler could lead to a 

densely packed structure resulting from the reduced inter particle spacing. In addition, 

the nanowire based MRE composites have higher dynamic stiffness and equivalent 

damping than the spherical microparticle-based MRE composites due to the larger 

matrix-filler interface (Song et al., 2009). Furthermore, for the same level of filler 

reinforcement, MRE reinforced with nanowire exhibits greater sensitivity to increased 

weight fraction which results in a larger controllable stiffness range. Nanowire based 

MRE composites have a greater specific modulus, which allows MRE to perform 

better with a lesser weight. Though nanowire fillers impart superior characteristics, 

the reinforcement level cannot be increased beyond 30 wt% as the pre-cure mixture 

becomes too viscous (Song et al., 2009). Moreover, the optimum performance of 

MRE is reported for the filler reinforcement in the range of 60-70 wt%, which cannot 
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be achieved by reinforcing with the nanowire. Therefore, nanowire based MRE is not 

common in MRE based devises.    

The micron-sized fillers with regular and irregular geometry are most often 

used in the synthesis of MRE (Lokander and Stenberg, 2003b; Zając et al., 2010). The 

irregular shaped fillers are larger in size (above 60 µm) compared to the regular 

spherical shaped fillers. As a consequence, the reinforcing effect is more pronounced 

in spherical shaped fillers, which results in relatively higher zero field modulus. 

However, for the same level of reinforcement, the field-induced properties are larger 

for MRE with irregular shaped fillers (Lokander and Stenberg, 2003b). This 

difference is associated with the increased energy interaction due to the larger dipoles 

and lower separation distance. Moreover, compared to irregularly shaped fillers, the 

spherical shaped fillers are more susceptible to agglomeration, which affect their 

distribution in the matrix. The studies by Lokander and Stenberg (2003b) confirmed 

that the agglomerations were beneficial if it formed along the applied field direction, 

where it functions as a larger irregular shaped filler. Though irregular shaped fillers 

have superior properties, spherical shaped particles are most preferred due to ease of 

mixing during the synthesis process (Aishah et al., 2016).    

The field dependent characteristic of MRE is sensitive to the size of spherical 

shaped fillers embedded in it. For the same level of filler reinforcement, finer particles  

have a larger surface area, which results in a higher storage modulus (Fan et al., 

2011). Meanwhile, the storage modulus of MRE with larger particles exceeds that of 

the smaller sized filler under magnetized state (Demchuk and Kuzmin, 2002; Böse 

and Röder, 2009; Fan et al., 2011; Jin et al., 2014). Additionally, larger matrix and 

filler interface in MRE with the finer particles results in higher loss factor. However, 
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with an increase in filler content, the smaller particles tend to agglomerate. This 

reduces the interfacial area between the free rubber and the particles and thereby 

contributes to variation in stiffness and loss factor (Fan et al., 2011).    

The size of the filler also has a significant influence on the properties of 

isotropic and anisotropic MRE. For an isotropic MRE, the field sensitive 

characteristics are higher with larger particles (Böse and Röder, 2009). The 

differences are not significant in case of anisotropic MRE as the smaller particles also 

generate a greater MR effect due to reduced separation distances from their immediate 

neighbors (Böse and Röder, 2009). Furthermore, the larger-sized particle has a 

softening effect, which increases the MR effect.  

The field-induced characteristics are higher for MRE reinforced with larger-

sized fillers. On the contrary, MRE with smaller-sized fillers experiences a lesser 

resistance to overcome the elastic forces to get closer under magnetic field (Jin et al., 

2014). These effects are opposite in nature, which indicates the existence of an 

optimum size for the fillers to attain higher MR effect. For MRE reinforced with the 

fillers of size 5,14, 38, 74 and 150 µm, the optimum performance is registered for the 

sample with 74 µm (Jin et al., 2014).  

The size of the filler influences the hysteresis behavior of MRE. With larger 

sized filler, the hysteresis behavior is pronounced and it reduces for smaller-sized 

fillers. This implies, the size of fillers have a control over the remnant characteristics 

of MRE (Stepanov et al., 2009; Aloui and Klüppel, 2015). The formation of filler 

network inside the matrix has a reversible character, which depends on the magnetic 

field strength. The fillers are displaced from their initial position due to the 

application of magnetic field. Upon removal of magnetic field, these fillers return to 
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their initial positions under the influence of the elastic forces. With decrease in 

magnetic field strength, samples containing larger particles experience more 

resistance from elastic forces to overcome the inter particle interactions (Stepanov et 

al., 2009). This phenomenon could influence the sensitivity of MRE devices in 

response to the change in the magnetic field.    

Like particle size, its distribution also influences the field-induced property 

enhancement of MRE (Stepanov et al., 2007; Li and Zhang, 2010). MR effect is 

pronounced for the MRE reinforced with wide particle size distribution than that 

corresponding to the monodispersed particles (Stepanov et al., 2007). The particle 

chains with monodispersed magnetic fillers have some fraction of the regions filled 

with pure elastomer. However, in case of polydispersed magnetic powders, these 

regions are reduced as the smaller particles can fill the voids which otherwise would 

have remained unfilled. For the same particle content, the field-induced shear 

modulus of MRE is much higher for bimodal particle distribution than that for the 

monodispersed particles. This enhancement is associated with the higher degree of 

particle packing in chain-like aggregates, which substantially reduces the loss of 

magnetic energy. Moreover, in MRE with bimodal particle distribution, a higher 

fraction of larger-sized fillers yield a pronounced MR effect than that corresponding 

to smaller-sized fillers (Li and Zhang, 2010).    

2.6 Operating Parameters 

Apart from processing parameters, the dynamic characteristics of MRE are also 

influenced by the variation in operating conditions. A proper knowledge on the 

response of MRE under different operating environments is essential for the design of 

MRE based devises. In general, viscoelastic materials exhibit the properties which are 
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sensitive to loading frequency, strain amplitude, temperature and pre-compression. In 

addition, properties of MRE also depend on the magnetic field, which elevates it from 

conventional viscoelastic materials. Moreover, these basic operating parameters also 

influence the characteristics of MRE under magnetized state.   

The dynamic properties of MRE are evaluated under non-homogenous and 

homogeneous magnetic field varying from 0 T to 1 T (Jolly et al., 1999; Fan et al., 

2011; Liao et al., 2012). Non-homogeneous magnetic field magnetizes only a specific 

portion (Hu et al., 2011a) and the homogeneous magnetic field covers the entire 

geometry of the MRE (Stepanov et al., 2007). The homogenous magnetic field is 

beneficial for effectively utilizing the novel field-induced characteristics. The field 

dependency in MRE is associated with the alignment of filler in the direction of the 

magnetic field, which displaces the fillers from its initial position to cause a localized 

deformation in the matrix. As a consequence, the microstructure of MRE is altered 

which results in the variation of rheological properties (Stepanov et al., 2008). The 

field-induced changes in the properties of MRE are evaluated in terms of MR effect, 

which measures the range of force that can be controlled in a MRE device (Jung et al., 

2009).   

The storage modulus of MRE is progressively increased with an increase in 

the intensity of magnetic field. At a magnetic field below 0.1 T (Hu et al., 2011a), the 

property enhancements are not significant but these variations are pronounced as the 

magnetic field strength is increased (Jolly et al., 1999; Lokander and Stenberg, 2003b; 

Chen et al.,2007b; Li et al., 2010b; Ju et al., 2012). However, these property 

enhancements are at the cost of a reduction in linear characteristics (Stepanov et al., 

2007; Li et al., 2010b; Gong et al., 2012a; Olabide et al., 2015). Under non-
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magnetized state, the stress-strain relations are fairly linear but with an increase in 

magnetic field, the linear range of MRE is reduced. Additionally, at a higher magnetic 

field, the field-induced enhancements are not significant, as MRE is magnetically 

saturated. Moreover, the attraction between the particles is not affected further by the 

increase in magnetic field strength (Jolly et al., 1999; Lokander and Stenberg, 2003a; 

Chen and Jerrams, 2011; Lu et al., 2012). Saturation state also depends on the 

interface interactions, where the magnetic force does not create any significant 

variation in the microstructure (Yunus et al., 2016). Past studies reported that the 

saturation magnetization depends on the type of matrix and it is observed in the range 

between 0.3 T to 0.8 T (Demchuk and Kuzmin, 2002; Chen et al., 2007b; Chen et al., 

2008a; Sun et al., 2008; Ju et al., 2012; Lu et al., 2012; Yu et al., 2015).    

Like storage modulus, the damping characteristics of MRE are also influenced 

by the magnetic field. The field dependent variations in damping reported by the past 

literatures are not consistent. Few studies reported that the damping characteristics of 

MRE exhibit a positive trend with the increase in magnetic field. Few literatures also 

reported that the loss factor was decreased with an increase in magnetic field (Gong, 

et al., 2012a; Wei et al., 2010; Aishah et al., 2016). Lokander and Stenberg (2003a) 

concluded that the field-induced variation in the damping characteristics of MRE was 

not significant (Lokander and Stenberg, 2003a). There are few literatures, which 

concluded that the loss factor exhibits a peak at a magnetic field around 0.25 T to 0.4 

T (Gong, et al., 2012a; Wei et al., 2010; Aishah et al., 2016). The variations in the 

field-induced damping characteristics depend on the contributions from the interface 

damping and magneto-mechanical damping (Chen et al., 2008b; Chen et al., 2016). 

Compared to the interface damping, contribution of magneto mechanical damping is 
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not significant. However, the intensity of magnetic field influences the mechanism of 

interface damping. At a lower magnetic field, the force of attraction between the 

fillers is very low, and the interface pressure between the matrix and filler are not 

pronounced. This results in an enhancement in the loss factor of MRE. With an 

increase in magnetic field, the force of attraction between the fillers is altered. The 

interface friction is enhanced due to the increased interface pressure. As a 

consequence, relative motion between the matrix and filler is reduced (Chen, et al., 

2008a; Jian-feng and Gong, 2009; Ju et al., 2012; Rabindranath and Böse, 2013; Yu et 

al., 2017). Therefore, MRE exhibits an increasing and decreasing trend in the 

damping characteristics. Past literatures have reported this behavior for the magnetic 

field in the range of 0.3 T to 0.4 T (Jian-feng and Gong, 2009; Ju et al., 2012; 

Rabindranath and Böse, 2013; Yu et al., 2017).    

MRE exhibits rate dependent properties inherited from the relaxation 

characteristics of the matrix. Generally, the frequency dependent properties of MRE 

are characterized within the frequency range of 1 Hz to 100 Hz (Jian-feng and Gong, 

2009; Fan et al., 2011; Tian et al., 2011; Gong et al., 2012; Khairi et al., 2016; 

Perales-Martínez et al., 2017; Yu et al., 2017). For any structural vibration control 

applications, the viscoelastic response up to 80 Hz is very critical (ISO 10846). Past 

literatures reported that the storage modulus of MRE exhibits a positive trend with the 

increase in frequency (Li et al., 2010b; Chen and Jerrams, 2011; Gong et al., 2012a; 

Zhu et al., 2012; Tian et al., 2013b). This implies that a higher loading frequency 

results in a larger storage modulus. The frequency dependent enhancement in the 

storage modulus can be related to the speed mismatch between the slower movement 

of polymer chains, and the frequency of excitation (Chen et al., 2008a; Yu et al., 
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2017). Frequency dependency in MRE can be represented in terms of strain rate 

effect. At lower frequency, the strain rate effect is increased exponentially but at 

higher frequencies, these enhancements are not pronounced (Jung et al., 2009). This 

indicates that the effect of frequency is significant at lower frequencies (less than 5 

Hz) but gradually reduced with the increase in frequency (Li et al., 2010b). Moreover, 

the field-induced enhancements represented in terms of absolute MR effect are 

independent of the frequency (Lokander and Stenberg, 2003a; Chen et al., 2007b; 

Damiani and Sun, 2016). However, the relative MR effect depends on the excitation 

frequency.   

The damping characteristic of MRE is a function of operating frequency. The 

loss modulus of MRE exhibits a positive trend with the increase in frequency (Li et 

al., 2010b; Tian et al., 2011, 2013b). But, the loss factor is reduced as the storage and 

loss modulus are enhanced simultaneously with the increase in frequency. Compared 

to an unfilled rubber, the influence of frequency on the variations in loss factor of 

MRE is minimal as the embedded fillers obstruct the rubber molecules under the 

applied cyclic loading (Jian-feng and Gong, 2009). At higher frequencies, the loss 

factor of MRE is low, which indicates that less energy is dissipated during the sliding 

of molecular chains in the rubber matrix (Khairi et al., 2016). Moreover, Chen et al 

(2008a) reported that with an increase in frequency, the influence of magnetic field on 

the damping characteristics of MRE was reduced. They had correlated this  

phenomenon to the lack of time available to show the field-induced effect as the 

driving frequency is increased to larger values (Chen et al., 2008a). Furthermore, the 

dynamic characteristic of MRE is also affected by the configuration of the testing 
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system. As the driving frequency is increased, the inertial contributions are amplified, 

which results in the nonlinear response of MRE (Gong et al., 2012a).  

The temperature dependency is a typical characteristic of a polymer 

composite, which is categorized as glass transition temperature (Tg), room 

temperature (TR) and melting point(TM) properties (Sun et al., 2008; Gong et al., 

2012a). The glass transition temperature is referred to the temperature where the 

polymer transforms from a hard, glassy material to a soft, rubbery material (Lakes, 

2009). A drastic change in the properties of MRE is noticed as the temperature is 

increased from Tg to TR. The loss factor is maximum corresponding to Tg and reduced 

as the temperature is increased up to the room temperature (Sun et al., 2008; Yu et al., 

2015). The temperature-dependent property of MRE is sensitive to the magnetic field 

as it affects the mobility of rubber molecules. Rubber matrix becomes relatively softer 

with the increase in the temperature, and it offers a lesser resistance for the alignment 

of fillers under the applied magnetic field (Liao et al., 2012; Ju et al., 2015). As the 

temperature is increased beyond the melting point of the matrix, the reorientation of 

the fillers alters the original microstructure (Gong et al., 2012a). For example, this 

process might function as a pre-structuring process and results in a new anisotropic 

structure.  

Increase in temperature enhances the field sensitive characteristics of MRE up 

to the critical temperature (Liao et al., 2012). This phenomenon is associated with the 

temperature-dependent magnetization characteristics of MRE. At higher temperatures, 

the matrix stiffness is reduced but at the same time, the magnetization of fillers is also 

diminished. Both phenomenon are opposite in nature which results in a critical 

temperature. Corresponding to the critical temperature, field sensitive characteristics 
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of MRE attains a maximum value. Moreover, temperature has an adverse effect on the 

linear range of MRE (Olabide et al., 2015). With the increase in temperature, the 

matrix-filler interactions are enhanced, which relatively reduces the LVE limit of 

MRE. 

Pre-compression has a significant influence on the properties of MRE under 

magnetized and the non-magnetized state (Jung et al., 2009; Lejon and Kari, 2009; 

Dong et al., 2012). The storage modulus of MRE is enhanced with an increase in the 

compressive preload. Under the influence of magnetic field, the storage modulus 

exhibits an increasing trend, which signifies the existence of field sensitive 

characteristics in MRE under the pre-compressed state (Dong et al., 2012). These 

enhancements are larger under pre-compressed state than that corresponding to the 

uncompressed state (Jung et al., 2009; Dong et al., 2012). This phenomenon is 

associated with the increased interaction between the fillers as the inter particle 

distance is reduced. Though preload enhances the field sensitive characteristics, the 

relative MR effect is reduced due to the larger zero field modulus.  

Like conventional filled elastomers, the properties of MRE are also sensitive 

to the input displacement (Gong et al., 2005; Li and Sun, 2011; Yu et al., 2017). In a 

filled elastomer, two general types of interactions arise, namely, particle-matrix and 

particle-particle (Yu et al., 2017). Both interactions have a significant influence on the 

storage and loss modulus of MRE. The mechanisms associated with these interactions 

are altered under the applied strain, which in turn influence the storage and loss 

modulus. The storage modulus of MRE shows a decreasing trend with an increase in 

applied strain (Jung et al., 2009; Gong et al., 2012a; Tian et al., 2013b; Olabide et al., 

2015). Generally, the strain induced variation in the properties of MRE are 
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distinguished with respect to the critical strain (Olabide et al., 2015). Within the 

critical strain, the storage modulus shows a near-linear relationship with the strain. 

Beyond the critical strain, the storage modulus is drastically reduced (Tian et al., 

2013b; Yu et al., 2017). This phenomenon is associated with the destruction of the 

matrix-filler structure under the action of external load. At lower strain amplitudes, 

the matrix-filler structure is slightly disturbed. This results in a mild decrease in the 

storage modulus as the MRE still retains the linearity (Gong et al., 2012a). Therefore, 

the linear viscoelastic region of MRE is often interpreted as the strain corresponding 

to 10% deviation from the strain independent storage modulus from SAOS test 

(Olabide et al., 2015). However, at higher strain amplitudes, the interface is damaged 

resulting in a larger reduction of storage modulus (Molchanov et al., 2014).  

The damping characteristics of MRE have a greater dependency on the 

dynamic strain amplitude which is equivalent to a filled elastomer (Sun et al., 2008; 

Jian-feng and Gong, 2009; Fan et al., 2011). Filled elastomer exhibits an initial 

increasing and decreasing trend with the variations in strain amplitude (Chazeau et al., 

2000). The damping in MRE originates due to the discontinuous phase created by the 

fillers embedded in an elastomer matrix (Chen et al., 2008; Jian-feng and Gong, 2009; 

Fan et al., 2011). At smaller strain, the damping is lower as the microstructure of 

MRE is not disturbed. However, with an increase in strain, the relative motion 

between the particles is intensified, which enhances the damping (Molchanov et al., 

2014). With a further increase in strain, the microstructure of MRE is completely 

destroyed. As a consequence, contribution from the interface friction is reduced, 

which decreases the loss modulus significantly (Chazeau et al., 2000; Yu et al., 2017).  

Subsequently, the loss factor is also affected, as it depends on the storage and loss 
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modulus. The loss factor exhibits a peak with the increase in strain (intermediate 

strain levels), and it reaches a stable value at higher strain levels. 

Under magnetized state, the strain has a significant influence on the properties 

of MRE as the fillers are displaced from their initial position (Chen et al., 2007b; Zhu 

et al., 2013). Few studies have reported the strain dependent characteristics under the 

influence of magnetic field. Nevertheless, these studies are not conclusive as the 

findings were contradictory. Studies by Molchanov et al. (2014) illustrated that the 

strain amplitude destroyed the internal filler structure formed under the action of the 

magnetic field. Under the non-magnetized state, this effect is not pronounced as the 

filler-structure is not present. However, in the presence of magnetic field, the 

breakage of magnetic coupling caused by the input strain displaces particles from 

their initial positions by overcoming the energy barrier and restructure. Chen et al. 

(2007a) reported that the magneto induced modulus was decreased with an increase in 

strain as the distance between the fillers were reduced, which in turn reduced the 

interaction energy between the fillers. Lokandar et al. (2003a) reported that within the 

tested strain range, the MR effect decreased rapidly with an increase in strain. The 

studies by Yu et al. (2017) interpreted that the amplitude dependent behavior in MRE 

was analogous to the phenomenon of Payne effect, generally found in filled rubbers 

(Chazeau et al., 2000). The Payne effect is measured in terms of the difference 

between the modulus observed at lower strain and the maximum strain (Yu et al., 

2017). Payne effect is pronounced under the magnetized state as the modulus which 

corresponds to larger strain is least sensitive to the variations in the magnetic field. 

Above literatures are mainly focused on the influence of larger strain on the field-

induced enhancements. However, the effects of magnetic field on the response of 
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MRE under moderate strain levels (the critical strain region) are overlooked. In the 

critical strain region, field-induced interactions between the fillers are critical as iron 

particles are impelled by the magnetic force to move from their initial positions (Gong 

et al., 2012a). This phenomenon may have a significant influence on the strain 

dependent response of MRE. 

2.7 MRE modeling  

Success of MRE based device depends on its ability to modify the properties in 

response to the control signals. This demands a mathematical formulation, 

representing the field-induced characteristics of MRE. The properties of MRE are 

viscoelastic in nature (Lakes, 2009; Li et al., 2010a; Zhu et al., 2012), which is 

distinguished by the time-dependent response, and it cannot be expressed 

mathematically by the laws of fluid or solid alone (Sasso et al., 2011). Moreover, 

these properties vary with magnetic field, preload, strain amplitude and frequency of 

excitation. Therefore, a great amount of effort is required to represent this behavior in 

the form of a mathematical model. In general, material modeling approaches of MRE 

are either parametric or nonparametric (Hu and Wereley, 2007; Wei et al., 2009; 

Cesmeci and Engin, 2010; Yang et al., 2013b). A nonparametric technique is used to 

construct models that require a large number of parameters. The parameters of 

nonparametric model do not have a definite meaning but they are strongly correlated 

with the experimental data. The list of nonparametric models includes the polynomial 

model, the neural network model and the fuzzy model, and so on (Hu and Wereley, 

2007; Kaldas et al., 2012; Yang et al., 2013b). Applications of the nonparametric 

models are limited due to the lack of physical conception, and also it needs a large 

amount of experimental work. On the contrary, parametric modeling is a robust 
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technique that characterizes the materials behavior as a collection of physical 

elements like springs and dampers (Cesmeci and Engin, 2010; Yang et al., 2013b). 

The parametric modeling approach for representing the viscoelastic behavior includes 

an integral or differential form (Lectez and Verron, 2016; Pritz, 1996). The integral 

form of representation is based on the Boltzmann superposition principle (Lakes, 

2009; Markovitz,1977) and the differential form of approach uses the framework of 

standard spring-dashpot mechanical models (Sasso et al., 2011). Spring represents the 

elastic behavior, obeying Hooke’s law. The viscous dashpot depicts the time 

dependent behavior, which relates the relaxation characteristic as described by 

Newton's law of viscosity (Payne, 1966; Emri and Gergesova, 2010). A classical form 

of differential order viscoelastic modeling approach involves a combination of linear 

spring and dashpot, often referred to as Kelvin-Voigt model. The other form of 

classical model is the Maxwell model, which comprises of an elastic spring in series 

with a viscous dashpot (Christensen, 1982). These models represent the basic 

viscoelastic behavior, but fail to describe both creep and relaxation behavior 

independently (Aho, 2011). The Maxwell model allows for an indefinite deformation 

with no limiting crosslink to model the equilibrium state after the deformation. On the 

contrary, the Kelvin-Voigt model represents the viscoelastic behavior of a solid, but it 

fails to predict the frequency dependent damping characteristics. Furthermore, the 

Kelvin-Voigt model do not retain the time history, which is a typical characteristic of 

a polymer (Aho, 2011). In order to improve the ability of a model to concur the 

viscoelastic behavior of a solid, the classical models are expanded by including 

additional springs and dashpots in a specific order. Such models are referred to as 

standard linear solid models (SLS). Zener and the Poynting-Thomson (Lectez and 
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Verron, 2016; Bruni and Collina, 2000; Roylance, 2001) are the examples for SLS 

models. The SLS models are defined by a fixed a set of parameters, which are 

identified by minimizing the error between the modeled and experimental data (Kim 

and Lee, 2009; Lewandowski and Chorążyczewski, 2007).  

Generally, a polymer composite exhibits complex frequency dependence 

characteristic. The storage modulus increases with an increasing in frequency, and the 

damping behavior is neither fully viscous nor fully hysteretic (Bruni and Collina, 

2000). These attributes cannot be portrayed by SLS models as the damping 

characteristics have either overestimated at higher frequencies or underestimated them 

at lower frequencies (Park, 2001; Pritz, 2003). These limitations can be addressed by 

connecting several springs and dashpots in a specific order such as generalized 

Maxwell and generalized Kelvin-Voigt models (Bruni and Collina, 2000, 

Lewandowski and Chorążyczewski, 2007; Park, 2001). The generalized viscoelastic 

models give a close reality of the viscoelastic solids as each element can describe the 

relaxation spectrum of each length of the molecule chain (Aho, 2011). As the model 

includes more elements, the computation process becomes complex due to increased 

number of parameters (Gil-Negrete et al., 2009). Additionally, recent studies in this 

domain revealed that a generalized Maxwell model with two Maxwell element is 

effective in representing the static and dynamic characteristics of real elastomer 

isolation systems (Zhang and Richards, 2006). The performance of this model is 

evaluated based on its ability to portray the viscoelastic behavior of a weather-strip 

seal system over wide frequency range (Basdogon and Dikmen, 2011).   

Fractional order based viscoelastic modeling is an alternative approach to 

overcome the weakness of integer order based models (Pritz, 2003; Berg and Kari, 
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2003; Makris et al., 1992). In recent years, the fractional derivative order models have 

gained the popularity due to the simplicity in modeling the dynamic behavior of a 

vibration mitigation device (Bagley and Torvik, 1983; Torvik and Bagley, 1983; Zhu 

et al., 2012). These models predict the properties that are intermediate between a 

Hookean solid and a Newtonian fluid (Meral et al., 2010). A generalization of these 

characteristics in a fractional order model is conceived by a new kind of element 

named as spring-pot (Gil-Negrete et al., 2009; Shen et al., 2013). The spring-pot 

comprises of a fractional power α having the values between zero to one. Appearance 

of fractional order in a viscoelastic model has a sound physical meaning as the 

damping characteristics of polymers do not exhibit a strong frequency-dependency 

(Koh and Kelly, 1990; Schmidt and Gaul, 2009).   Compared to integer order, the 

fractional order based models are capable of accurately predicting the frequency-

dependent behavior. Moreover, the fractional order models could concur the wide 

spectrum of viscoelastic behavior in a simple form involving fewer parameters 

(Bagley and Torvik, 1983; Gil-Negrete et al.,2009). Similar to the classical models, 

the fractional models are represented in the form of fractional Kelvin-Voigt (Eldred et 

al., 1995; Zhu et al. 2012) or fractional Zener (Guo et al. 2014; Pritz, T. 1996). 

Fractional Kelvin-Voigt model comprises of an elastic spring in parallel with a spring-

pot, and the Zener model includes an elastic spring in parallel with a fractional 

Maxwell element (Pritz,1996). Like the integer order based models, the parameter 

estimation process becomes more complex with increasing the number of elements. 

Most often, fractional Zener and fractional Voigt are preferred for dynamic 

characterization of the rubber component. However, few studies have reported about 
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the generalized models of fraction Maxwell to improve the fidelity of the predicted 

response of a viscoelastic material (Pritz, 2003; Shen et al., 2013).    

Material models based on classical viscoelastic relations effectively portray 

the frequency-dependent characteristics. But, these models are not fully adequate to 

describe the properties of MRE as the amplitude of dynamic deformation is varied. 

The input strain is an important parameter, which has a significant influence on the 

properties of MRE. Due to the variation in the strain amplitude, the dynamic stiffness 

of MRE is decreased, which cannot not be captured by the conventional viscoelastic 

models (Gil-Negrete et al., 2006; Gil-Negrete et al., 2009). As a consequence, the 

control strategies developed based on this framework fail to yield satisfactory results. 

Therefore, it is an absolute requirement to incorporate amplitude dependent effects 

while designing the MRE based devices. This situation calls for an extension of a 

conventional viscoelastic model by incorporating the amplitude dependent effects.    

A general approach involves connecting spring-Coulomb elements in parallel 

with the viscoelastic models. This element represents the stick-slip phenomena 

resulting from the interface slippage with the increase in the amplitude (Bruni and 

Collina, 2000; Chen and Jerrams, 2011). However, the estimation of the parameters of 

a frictional element is a cumbersome process as it involves many variables and 

demands a large amount of experimental data. The limitations of Coulomb friction 

element can overcome by Berg’s friction models comprising of lesser parameters. 

Although Berg’s model predicts the amplitude dependent characteristics, its accuracy 

is significantly affected by the selected testing conditions (Sjöberg and Kari, 2002; 

García-Tárrago et al., 2007; Gil-Negrete et al., 2009; Lijun et al., 2010). These 

limitations are addressed by the modified approach proposed by Thaijaroen et al. 
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(2010), where the parameter estimation process is carried in two stages. The approach 

based on an addition of friction element is simple, but its parameter estimation 

process requires low-frequency and high-amplitude tests, which are difficult to 

perform in a simple forced vibration test apparatus. Moreover, the measurement 

condition under high displacement amplitude is always affected by the stiffening 

effect due to geometrical constraints (Thaijaroen and Harrison, 2010; Lijun et al., 

2010). Alternatively, a new visco-tribological model comprising of generalized 

Maxwell model and Dahl friction model is used to represent the amplitude dependent 

behavior. However, this model is having limited application due to a large number of 

parameters, which makes the parameter identification process more complex (Jrad et 

al., 2013).  

In addition, the hysteresis models based on Ramberg-Osgood model and 

Bouc-Wen are used to describe the nonlinear characteristics of MRE (Eem et al., 

2012). The Ramberg-Osgood model is successfully employed to tune the amplitude 

dependent characteristics of MRE. However, its effectiveness relies on the process of 

capturing the transition curve from elastic to the plastic response of a material 

(Sireteanu et al., 2013). This makes the parameter estimation process as path 

dependent and it has an influence on the identified parameters. On the contrary, Bouc-

Wen models could overcome these limitations and are often used to represent the 

nonlinear characteristics of an isolator system. The advantage of this model is that it 

does not necessitate the initial path of the target hysteresis loop to estimate the 

parameters. Compared to other hysteresis models, the Bouc-Wen model comprises of 

more number of parameters (Ismail et al., 2009), but it can effectively capture the 

strain stiffening and strain softening behavior often observed in the filled elastomers 
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(Yu et al., 2016; Carboni and Lacarbonara, 2015). However, at intermediate strain 

levels, the distortion in the shape of the hysteresis curve is not significant. In such 

cases, a modified Boucwen model with stochastic linearized random variable is 

sufficient to describe the amplitude dependent characteristics (Hurtado and Barbat, 

2000; Sireteanu et al., 2009; Sireteanu et al., 2010). The simplified models based on 

linearized Boucwen is reported in many literatures, and it is often used to model the 

dynamic characteristics of base isolation systems (Marano and Greco, 2003; Love et 

al., 2011).   

Apart from the frequency and amplitude dependent characteristics, the model 

should incorporate the field sensitive attributes. The material modeling of MRE is an 

extension of viscoelastic modeling technique by incorporating the magnetic-field 

dependency (Li et al., 2010b). Most often, these attributes are encompassed in the 

model by incorporating the field-induced interactions between the adjacent fillers or 

the particles in a chain of periodically spaced dipoles (Jolly et al., 1996; Shen et al., 

2004). The cumulative contributions of dipole interactions are addressed by adding a 

magnetic spring element in parallel with the viscoelastic models (Zhu et al., 2012; 

Guo, et al., 2014). Inclusion of this element is essential for the mathematical 

representation of smart characteristics of MRE isolator as it allows the model to 

portray the variation in field-induced characteristics (Yang et al., 2013c; Behrooz et 

al., 2014).  

2.8 Summary of Literature Survey 

MREs are categorized as anisotropic or isotropic based on the orientation of the 

fillers in the post cured state. The anisotropic structure comprises of an ordered 

arrangement of fillers, and the isotropic MRE is characterized by the random 
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arrangement of the fillers. Though anisotropic MRE possesses better field-induced 

properties, the isotropic MRE is most preferred due to the simpler synthesis process. 

Generally, MRE is operated in shear or squeeze mode based on the loading 

direction and testing magnetic field direction. The mechanism of field-induced 

interactions differs under the influence of magnetic field. As a consequence, it is not 

realistic to perceive the inter conversion between the shear and compression 

characteristics.    

The properties of MRE can be tested by adopting the conventional viscoelastic 

property measurement approaches. These characteristics are influenced by many 

processing parameters but the quantity of filler is a decisive factor, which is 

responsible for the field-induced behavior of MRE. MRE yields a maximum field-

induced performance for the addition of fillers in the range of 25-33% by volume. 

Under the fixed set of processing conditions, the properties of MRE are varied 

significantly as the operating environment is altered. In general, the performance of 

MRE is evaluated under different frequency, strain and the magnetic field. These 

properties of MRE are unique in nature, which vary significantly with the change in 

the composition of the fillers and matrix. The properties of MRE are evaluated by the 

dynamic rheological experiments. This approach involves repeating the dynamic tests 

for different sets of operating conditions. The viscoelastic material modeling approach 

is an alternate method to simplify the MRE property characterization studies. Most 

often, viscoelastic models based on constitutive relations are used for the 

mathematical representation of the material behavior of MRE. An efficient 

viscoelastic model is the one which can accurately portray the behavior of a material 

over broad-band frequencies in a simpler form. The relations based on the integer, and 
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fractional order derivatives are used to model the viscoelastic behavior of MRE. 

These models are effective in portraying the frequency and field dependent 

characteristics but fail to predict the amplitude dependent behavior simultaneously. 

Amplitude dependent attributes are integrated into the model by incorporating friction 

or hysteresis damping characteristics.  

2.9 Research gap and the Scope of the Present Work 

Developing a material model for a MRE device demands a proper understanding of its 

properties. The properties of MRE are unique in nature as it varies significantly with 

the different combination of matrix and filler. It is also important that there should be 

a clear distinction between the LVE limit of MRE for the control strategies to yield a 

better result. For an ideal model, simplicity is a vital parameter, which can be 

addressed by the proper combination of viscoelastic modeling elements. The model 

should be able to predict the viscoelastic behavior of MRE over a broad-band 

frequency in a simple form. Moreover, the model should account for the amplitude 

dependent characteristics, which is inherent to MRE. To address these aspects, the 

work undertaken aims at modeling the dynamic translation (compression) 

characteristics of MRE, which pursues the following specific objectives.    

♦ Experimentally evaluating the dynamic viscoelastic properties of MRE under 

different magnetic field and excitation frequency.  

♦ Experimentally investigate the influence of strain, its influence on the linear 

viscoelastic range and assess the effect of magnetic field and frequency on the strain 

dependent properties of MRE. 

♦ Develop an efficient viscoelastic model to represent the frequency and magnetic field 

dependent dynamic compression characteristics of MRE over wide frequency range. 
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♦ Formulate a mathematical expression to represent the frequency, magnetic field and 

strain dependent behavior of MRE simultaneously. 
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3 CHAPTER 3 

EXPERIMENTAL INVESTIGATION ON THE INFLUNCE OF 

MAGNETIC FIELD AND FREQUENCY ON THE 

VISCOELASTIC PROPERITES OF MRE 

3.1 Introduction 

The novel field-induced properties make MRE as a potential material for semi-active 

vibration isolation devices. As revealed by the literature survey presented in chapter 2, 

the properties of MRE are sensitive to the operating parameters like frequency and the 

magnetic field. These characteristics are inherent to particular combination of matrix 

and fillers, and they attain saturation at larger values  of frequency and magnetic field. 

The present work investigates the effective range of frequency and magnetic field 

with respect to the variations in field-induced characteristics of MRE. Experiments 

are performed as per the dynamic blocked transfer stiffness approach on a RTV 

silicone-based isotropic MRE sample filled with an optimum quantity of 

ferromagnetic fillers. Its properties are characterized over the frequencies below 80 

Hz (representing the low-frequency region as per ISO 10846-1) and a magnetic field 

up to 0.4 T. The  properties of MRE  are represented in terms of dynamic stiffness and 

loss factor computed from force-displacement hysteresis loops, which provides the 

real time indication of the linear viscoelastic response. An overview of the present 

investigation is listed below.  

1. Synthesis of RTV silicone-rubber based isotropic MRE samples and confirming the 

particle distribution by SEM observation. 
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2. Develop an experimental setup to characterize viscoelastic properties of MRE as 

per the dynamic blocked transfer stiffness method.  

3. Evaluate the frequency and magnetic field dependent viscoelastic properties of 

MRE and analyze the influence of these factors on its saturation behavior.  

3.2 Theoretical background for direct blocked transfer stiffness method 

3.2.1 Dynamic stiffness 

Dynamic stiffness represents the response of a viscoelastic material under cyclic 

loading condition. According to ISO 10846-1 standard, the dynamic stiffness is the 

ratio of force response of an isolator for the given input displacement (ISO 10846-1).  

 
Figure 3.1. (a-b) Schematic representation of direct stiffness measurement approach.           

(c-e) Graphical representation of the force-displacement hysteresis loop.  

The viscoelastic property measurement approach of MRE through direct stiffness 

method is schematically illustrated in Figure 3.1a and 3.1b. Input harmonic excitation 

to MRE induces a force, F1 at the input end and a blocked force, F2 at the blocked 

end. The ratio, F2/X1 represents the dynamic blocked transfer stiffness, which is a 

complex quantity depicting the partly viscous and partly elastic nature of a material 

(Lakes, 2009).   

The mathematical representation of dynamic blocked transfer stiffness is given by 

(Nadeau and Champoux, 2000), 
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(3.1) 

where, K* represents the dynamic blocked transfer stiffness. The in-phase component 

(Kʹ), represents the stiffness of MRE (real part of the dynamic blocked transfer 

stiffness) and the out-of-phase component (K″), signifies the energy dissipation 

(imaginary part of the dynamic blocked transfer stiffness). The in-phase and out-of-

phase components of the dynamic stiffness are evaluated from the response of a 

system to sinusoidal input. In the linear viscoelastic region, the response blocked 

force for the sinusoidal input displacement (equation (3.2) and Figure 3.1c) is also 

sinusoidal (equation (3.3) and Fig 3.1d) in nature with a phase lag of δ.   

 1 0( ) sinX t X tω=  (3.2) 

 2 0( ) sin( )F t F tω δ= +  (3.3) 

The in-phase and out-of-phase components of dynamic blocked transfer stiffness are 

expressed as, 

 0 0

0 0

cos  and sin
F F

K K
X X

δ δ′ = ″ =
 

(3.4) 

The modified complex force-displacement response is expressed as, 

 2 1( ) (1 ( )F t K i X tη= ′ + )  (3.5) 

where, η= tan δ is the loss factor of MRE.  

The viscoelastic response of MRE is represented in the form of a force-displacement 

hysteresis loop by eliminating the parameter t in equation (3.5). The mathematical 

expression to evaluate the dynamic stiffness and loss factor from the force-

displacement hysteresis loop (Figure 3.1e) is given by, (Brown, 1996), 

 
* 0

0
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 Loss factor, B

A

F

F
η =  

(3.7) 

3.2.2 Energy dissipation 

The phase lag between the input displacement and response force results in an 

elliptical shaped hysteresis loop. The area within the hysteresis loop represents the 

energy dissipation. The energy absorbed per unit volume by the material due to 

deformation up to time t (one cycle) is given by (Lakes, 2009), 

 
2 π

ω

0
2 ( ) ( )W F t X t d t= ∫ ɺ  (3.8) 

From the equations 3.2 and 3.3, the energy dissipation can be written as, 
2 π

ω

0

2
0 0 ( c o s s in c o s s i n s in ) s dW F X t t t d t W Wω ω ω δ ω δ= + = +∫

 
(3.9) 

The stored and dissipated energy are denoted by Ws and Wd respectively. Negligible 

inertial effects in dynamic blocked transfer stiffness approach completely restore the 

energy stored during stretching of the molecular configuration (Luo et al., 2010). 

Under this condition, the second term of equation (3.9) solely represents the energy 

dissipation.    

The amount of energy dissipation estimated from the dynamic blocked transfer 

stiffness for one complete cycle of deformation is expressed as,   

 2
0 0 0π s in π

d
W F X K Xδ= = ″  (3.10) 

The energy dissipation associated with the equivalent viscous damping in the material 

is given by (McConnel, 1995) 

 2
0πdW C Xω=  (3.11) 

where, K″=Cω; C represents the equivalent viscous damping of MRE. 
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3.3 Experimental studies 

3.3.1 MRE Synthesis 

MRE samples were prepared with 27% by volume CIP (diameter 5 µm; BASF; Type 

CN) and 73% by volume of two-component RTV silicone matrix (base to crosslinker 

ratio 100:5 from Dow Corning). The corresponding matrix-filler ratio represents the 

optimum level of reinforcement to attain maximum field-induced enhancements 

(Davis, 1999). The details of the ingredients used for preparing the MRE sample are 

listed in table 3.1. 

Table 3.1. Particle ingredients for MRE preparation 

S No Material Source 
Density 

(Kg/m
3
) 

1 Silicone rubber Dow Corning Corporation, 
United States. 

884.57 

2 Carbonyl iron particles  
(average diameter 5µm) 

BASF, Type CN 7850 

 
Figure 3.2. (a) MRE sample in single shear mode configuration. (b) Microstructure image of 

MRE sample 

Synthesis process of isotropic MRE involved of two steps: mixing and curing. 

The ingredients were put into a beaker and stirred for 15 mins. The mixture was then 

poured to an aluminium mould of size 20 mm x 20 mm x 6 mm and degassed in the 

vacuum chamber for 5 mins. MRE samples were cured at room temperature under 

constant pressure for 15 hours (Gong et al., 2005; Li et al., 2010; Fu et al., 2013). 

Completely cured samples then bonded to an aluminium strip to prepare single lap 

(a) (b)

Aluminium

 strip

MRE 

core
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shear test specimen (Li and Sun, 2011) as shown in Figure 3.2a. Microstructure of the 

sample was examined at different locations to verify the distribution of fillers in the 

matrix. The image shown in Figure 3.2b revealed the uniform distribution of CIP in 

the matrix indicating the isotropic nature of the prepared MRE sample. 

3.3.2 Experimental setup 

The schematic and actual images of experimental setup to measure the dynamic 

viscoelasticity property of MRE are shown in Figure 3.3 and 3.4 respectively. 

Sinusoidal signals generated from NI PXI-5412 function generator were fed to the 

electrodynamic shaker though a power amplifier system. MRE test sample was fixed 

to the electrodynamic shaker through a stinger. The magnetic field was provided by 

an electromagnet and the field intensity was measured by a Tesla gauge (Lake Shore 

Cryotronics, Inc; Model 410). Force at the blocked end was measured by a force 

transducer (KISTLER, type 9712). The input displacement to MRE was monitored by 

the signals from an accelerometer (KISTLER, K-shear) attached to the input end 

(ISO:10846-2). The signals were sampled at a rate of 25.6 kS/s and acquired through 

24-bit NI PXI-4496 data-acquisition system. The displacement signals were converted 

to corresponding strain for the ease of representation.   

Viscoelastic property measurements of MRE were performed under steady-

state harmonic excitation to exclude the errors associated with frequency sweep 

(Hegde et al., 2014). The experiments were performed at frequencies: 6 Hz, 10 Hz, 20 

Hz, 25 Hz, 40 Hz, 50Hz, 60Hz, 70Hz and 80 Hz. The influence of magnetic field was 

evaluated by extending the viscoelastic property measurement studies at different 

magnetic field strengths (0 T, 0.2 T, 0.3 T and 0.4 T). To ensure linear viscoelastic 

response, the experiments were performed at 1.25% strain. MRE samples were 
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subjected to preconditioning cycles to exclude the effect of stress softening on the 

measured blocked transfer stiffness (Lion and Kardelky, 2004; Hofer and Lion, 2009). 
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allowed a recovery period of 15 min (Stacer et al., 1990) between successive 

measurements to exclude the effect of deformation history on the computed 

viscoelastic properties.  

3.4 Results and discussion 

Hysteresis loops corresponding to the force-displacement system were plotted based 

on real-time data recorded during the experiments. Figure 3.5a and 3.5b represent the 

frequency dependent hysteresis loops registered at 0 T and 0.4 T respectively. The 

variations in magnetic field and frequency dependent hysteresis behavior are assessed 

from the resistance force offered by the MRE at the blocked end. The maximum 

resistance force offered by MRE at 6 Hz and 0 T magnetic field is 0.3416 N and the 

corresponding force at 80 Hz is 0.429 N. As evident from the Figure 3.5, the effects of 

frequency on the variation in hysteresis characteristics are not pronounced, and it is 

diminished above 50 Hz. This behavior of MRE is attributed to the rate dependent 

relaxation characteristics of the polymer matrix and the inclusion of ferromagnetic 

fillers. The polymer matrix of MRE comprises of long polymer chains interconnected 

by chemical crosslinks. At lower excitation frequencies, the bulk polymer chains are 

flexible and move easily under the imposed deformation. However, these polymer 

chains gain the stiffness (Osman and Atallah, 2006; Chen and Xu, 2011; Ginic et al., 

2000; Funt, 1988) with the increase in excitation frequency, which reduces the 

mobility of polymer chains by imparting a pseudo-solid behavior (Osman and Atallah, 

2006; Jong, 2005). Moreover, the frequency dependent characteristics of MRE are 

also influenced by the presence of fillers. In an unfilled rubber, the frequency 

dependent stiffening behavior is pronounced but with the addition of fillers, MRE 

transforms from a soft elastomer into a rigid composite. As a consequence, the 
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movement of bulk polymer chains under harmonic loading is inhibited, which in turn 

diminishes the rate dependent characteristics (Funt, 1988; Leopoldes, 2002; Fuente et 

al., 2002; Osman and Atallah, 2006).    

Figures 3.6(a-f) represent the hysteresis loops corresponding to 0 T, 0.2 T, 0.3 

T and 0.4 T magnetic field. Hysteresis behavior of MRE varies with the change in the 

magnetic field. These variations are pronounced up to a magnetic field of 0.3 T and 

for an increase in the magnetic field from 0.3 T to 0.4 T, the property enhancements 

are not significant. These results substantiate the existence of field-induced saturation 

behavior in MRE around 0.3 T (Chen et al. 2008a, 2008b; Jian-Feng and Gong, 

2008). The field-sensitive characteristics of MRE can be attributed to the 

modifications in the internal microstructure, which leads to the variation of its 

mechanical properties (Stepanov et al., 2008).    

 

Figure 3.5.  (a-b) Steady-state hysteresis loops of MRE at different frequencies 
corresponding to 0 T and 0.4 T magnetic field. 

From the force displacement plots, it is evident that the field dependent 

variation in hysteresis behavior of MRE is unaffected by the increase in frequency. 

Corresponding to 6 Hz, maximum resisting force experienced by MRE is increased 

from 0.337 N at 0 T to 0.571 N at 0.4 T. The cumulative increase in resisting force is 
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53.33%. Under similar conditions, at 80 Hz, the resisting force is enhanced by 

49.12%.    

 

 

 

Figure 3.6. (a-f) Magnetic field dependent hysteresis characteristics of MRE at different 
frequencies. 

3.5 Dynamic stiffness of MRE 

Figure 3.7a represents the variation in dynamic stiffness at different frequency and 

magnetic field. The dynamic stiffness of MRE enhances with the increase in magnetic 
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field and the frequency. The field-induced enhancement in the dynamic stiffness is 

consistent for all the tested frequencies.    

 

Figure 3.7. (a)  Magnetic field-induced dynamic stiffness measured at different frequencies. 

(b) Absolute increase in dynamic stiffness at different magnetic field and frequency. 

Changes in the dynamic stiffness with respect to the magnetic field is 

expressed in terms of MR effect. The variation in MR effect is depicted in Figure 3.7b 

and the corresponding values at 0.4 T are listed in table 3.2. Dynamic stiffness of 

MRE under non-magnetized state and at 0.4 T magnetic field are denoted by K0 and 

∆K0.4 respectively. The ratio ∆K0.4/K0 represents the MR effect. As evident from table 

3.2, the variation in MR effect with the increase in frequency is not pronounced, 

which signifies the weak dependency of frequency on the field-induced property 

enhancements of MRE.   

Table 3.2. MR effect (dynamic stiffness enhancement) of MRE at different frequencies 

Frequency 
(Hz) 

K0                         

kN/m 

K0.4                       

kN/m 

∆K0.4                                                            
( kN/m) 

∆K0.4/K0 (%) 

6 4.48 6.95 2.47 55.24 

15 4.78 7.41 2.63 55.07 

25 4.91 7.62 2.71 55.11 

50 5.20 7.99 2.79 53.65 

60 5.37 8.04 2.68 49.86 

80 5.51 8.10 2.59 47.00 

Enhancement in the stiffness of MRE under the magnetic field can be 

attributed to the localized compression of the matrix caused by the magnetic force in 
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the vicinity of the filler. The mechanism of magnetic field-induced localized 

compression of the matrix is schematically represented in Figure 3.8. Interactions 

between the fillers under magnetized state are analyzed on a unit cell of MRE (Jolly et 

al., 1996). A unit cell representation is an enlarged view of a section of the 

microstructure image (Figure 3.8a), which comprises of a pair of ferromagnetic fillers 

separated by polymer matrix. Figure 3.8b and Figure 3.8c depicts the schematic 

representation of MRE unit cell under non-magnetized and magnetized state 

respectively. As illustrated in Figure 3.8c, under magnetized state, the magnetic force 

of attraction due to the dipole interactions results in localized compression of the 

matrix (Leng et al., 2015). This results in an increase in the stiffness of matrix at the 

vicinity of the fillers, and contributes to the overall stiffness enhancement when bulk 

effect is considered. As evident from Figure 3.7b, the enhancement in the dynamic 

stiffness of MRE is pronounced up to a magnetic field of 0.3 T but these variations 

are not significant as the magnetic field is increased from 0.3 T and 0.4 T.   

 

Figure 3.8. (a) Microstructure image of MRE sample. (b) Schematic representation of a 
MRE unit cell under non-magnetized state. (b) Unit cell of MRE under magnetized state 

representing the localized deformation of the matrix. 
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The differences in field-induced dynamic stiffness enhancement are associated 

with the variation in the energy interaction E between the dipoles, which is expressed 

as (Liao et al., 2012), 

 
2

3
m 0 0

1 4ζ

4πµ µ

m
E

d

−
=  (3.12) 

where, µ0 is the permeability of vacuum, µm is the relative permeability of the 

elastomer matrix, d0 is the separation distance of two adjacent particles, ζ  = 

� 1/��
��∞

���
 ≈1.202 and m is the magnetic dipole moment of each iron particle. As 

illustrated in the Figure 3.8c, the magnetic force of attraction between the fillers vary 

the separation distance between the dipoles which is expressed as (Guo et al,. 2014), 

 0 m atrix(1 )d d ε= −  (3.13) 

where, ɛmatrix is the localized compressive in the matrix. The compressive force 

exerted due to the field-induced interaction between the fillers increases the ɛmatrix. 

Subsequently, the energy of interaction between the dipoles is increased by reducing 

the separation distance, which in turn enhances the localized stiffness of the matrix 

(Martinelli and Augusto 2005; Fukushi et al. 2013). At a lower magnetic field, the 

variation in ɛmatrix is dominated by the magnetic force of attraction. However, at a 

higher magnetic field, the field-induced variation in ɛmatrix is diminished due to the 

contribution of matrix resistance force resulting from the localized stiffness 

enhancements. As a consequence, the field-induced interactions are effected, which 

imparts a saturation behavior to MRE above 0.3 T. These findings are in a good 

agreement with the field-induced saturation characteristics reported in past studies 

(Chen et al. 2008a, 2008b; Jian-Feng and Gong, 2008).  
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3.5.1 Energy dissipation  

Vibration isolation characteristics of a material depend on its ability to dissipate 

energy. Figure 3.9 represents the variations in energy dissipation of MRE under 

different magnetic field and frequency. Energy dissipation recorded at 6 Hz and 0 T is 

0.052 mN-m and the corresponding values at 0.4 T is 0.080 mN-m with a total 

enhancement of 0.028 mN-m. The field-induced enhancement in energy dissipation is 

consistent with the increase in frequency. At 80 Hz excitation frequency, varying the 

magnetic field from 0 T to 0.4 T, energy dissipation is increased by 0.0292 mN-m.    

 

Figure 3.9. Variation in magnetic field dependent energy dissipation of MRE at different 
frequencies. 

The energy dissipation (D) in MRE under dynamic loading condition includes the 

contributions from energy dissipation of the matrix (Dm), energy dissipation of the 

particles (Dp), energy dissipation due to friction at matrix-filler interface (Dpm) and 

energy dissipation due to ferromagnetic filler-filler interactions (Dpp). The 

mathematical relations between D and its constituents are (Ju et al., 2012;Fan et al, 

2011; Chen et al.,2008b),  

 m p p m p pD D D D D= + + +  (3.14) 
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The energy dissipation due to the intrinsic characteristics of micron-sized filler 

particles is minimum compared to the other effects (Ju et al., 2012). Therefore, the 

modified equation for D by excluding the effect of Dp is,    

 p p m p mD D D D= + +  (3.15) 

The Dpp refers to the energy dissipation due to relative slippage between the particles. 

Contribution of Dpp on the energy dissipation in a filled elastomer is significant at 

larger content of filler reinforcements (Yang et al., 2012). For an increase in filler 

content, the scope for filler-filler interactions are high due to more number of 

particles. As evident from the microstructure image shown in Figure 3.8a, major 

contribution to Dpp in MRE arises from the agglomeration of CIP. The CIP particles 

are clustered at the sites of agglomeration and surrounded by polymer matrix. These 

fillers experience a relative slippage under non-magnetized state. However, in the 

presence of a magnetic field, relative motion between the fillers is inhibited as the 

particles are bound together. Consequently, the effect of Dpp on the overall energy 

dissipation of MRE is diminished.    

The Dm represents the intrinsic damping in the polymer matrix of MRE (Yang 

et al., 2012). The Dm originates due to the polymer chain friction at the molecular 

level of a matrix (Fay et al.,1991). This phenomenon is associated with the interaction 

between the adjacent polymer chains during the coordinated movement under 

harmonic shear loading (Tsai et al., 2003; Tsai et al., 2007). The mechanism of chain 

friction is modified under magnetized and non-magnetized state of MRE, which is 

attributed to the field-induced interactions between the fillers.   

The matrix-filler interface friction energy dissipation (Dpm) depends on the 

interaction between the particles and matrix at the interface (Yang et al., 2012). The 
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interface friction in MRE results from the relative motion between the matrix and 

filler under dynamic loading. In a weakly bonded interface, the Dpm is more 

pronounced (Ge et al., 2013; Li and Sun 2011; Chen et al. 2008a; Jian-Feng and 

Gong, 2008) due to the unstable chemical crosslink between the matrix and filler. The 

microstructure image of the tested MRE sample (Figure 3.2a) is similar to a weakly 

bonded interface reported in past studies (Chen et al., 2008a; Qiao, et al., 2012) and 

its contribution on Dpm is expressed mathematically as (Chen et al., 2008b; Jian-Feng 

and Gong, 2008), 

 p mD n F s=  (3.16) 

where, F is the sliding friction force between the particle and the matrix, n is the 

number of interfaces and s is the relative displacement at the interface. 

The frictional force at the interface is expressed as a function of normal force N and 

the friction factor µ as (Chen et al., 2008b), 

 F n Nµ=  (3.17) 

The expression for the frictional energy dissipation Dpm in terms of normal force N is,  

 p mD n N sµ=  (3.18) 

The normal force at the interface is a function of magnetic field, which causes the 

variation in interface friction energy dissipation. Under non-magnetized state, the 

normal force is constant. With an increase in magnetic filed, the normal force is 

enhanced, which intensifies the interface interaction and promotes the friction energy 

dissipation.   

Contributions of Dm, Dpm and Dpp on D differ under magnetized and non-

magnetized state. The modified expression for energy dissipation in MRE under 

magnetized state is expressed as,   



83 
 

 m p mD D D= +  (3.19) 

Cumulative contribution of Dm and Dpm is enhanced with the increase in the magnetic 

field. For the magnetic field strength between 0 T to 0.3 T, the variations in field-

induced energy dissipation are pronounced. Meanwhile, these enhancements are not 

significant as the magnetic field strength is increased from 0.3 T to 0.4 T. This 

variation can be attributed to the effect of field-induced localized compression, which 

influences the enhancements in Dm and Dpm under the magnetized state of MRE.    

3.5.2 Loss factor 

Figure 3.10 represents the variation in the loss factor of MRE with the magnetic field 

and frequency. The loss factor decreases with the increase in frequency, which is 

attributed to the dominance of real part of the complex stiffness over the imaginary 

part (Osman and Atallah, 2006; Yurkeli et al., 2000).  As evident from Figure 3.10, 

MRE exhibits a unique trend in loss factor variation with respect to the magnetic 

field. Between 0 T to 0.3 T, the loss factor is decreased, while it exhibits an increasing 

trend for varying the magnetic field strength from 0.3 T to 0.4 T. This unique nature 

of loss factor variation is assessed from the variations in the equivalent viscous 

damping (C) and real part of the stiffness (K').    

For a SDOF system, the loss factor η is given by (Ungar and Kerwin, 1962), 

 
C

K

ω
η =

′
 (3.20) 

where, C and K′ are the equivalent viscous damping capacity and stiffness of the 

MRE respectively and ω is the angular frequency of excitation. Figure 3.11 represent 

the variations in C and K′ with respect to the magnetic field. The equivalent viscous 
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damping C of MRE is estimated from equation (3.11) and the stiffness component, K′ 

is evaluated from the resultant dynamic stiffness. 

The K′ and C of MRE is sensitive to the variations in frequency and magnetic 

field. The dependency of C on the frequency is more pronounced compared to the K′. 

For the excitation frequencies up to 50 Hz, the variation in C is more articulated, 

which indicates the dominance of viscous effect (Payne, 1966; Deshpande et al,. 

2010). However, the contribution of viscous component is diminished for the 

frequencies above 50 Hz, signifying the dominance of elastic component (Osman and 

Atallah, 2006;Jong, 2005).    

 

Figure 3.10. Variation of magnetic field dependent loss factor observed at different 
frequencies 

The modified expression for the loss factor by incorporating the field-induced 

changes in C and K′ is expressed as, 

 
( )
( )

r e f i n c r

r e f i n c r

C C

K K

ω
η

+ ∆
=

′ + ∆ ′
 

(3.21) 

where, Cref and K′ref are the corresponding equivalent viscous damping and stiffness 

measured at reference magnetic field. The incremental change in C and K′ with the 
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increase in magnetic field is denoted as ∆Cincr and ∆K′incr respectively. The 

incremental change represents the difference corresponding to the value measured at 

the next higher incremental magnetic field relative to the value registered for 

reference magnetic field. For example, the C value measured at 0.3 T is taken as 

reference to evaluate the incremental change between 0.3 T to 0.4 T.   

 

Figure 3.11. (a) Magnetic field and frequency dependent stiffness variation of MRE. (b) 
Magnetic field and frequency dependent equivalent viscous damping variation of MRE. 

The magnetic field dependent variation in ∆Cincr and ∆K′incr are represented in 

Figure 3.12. As evident from the graph, enhancements in ∆Cincr and ∆Kincr are 

pronounced for the increase in magnetic field between 0 T - 0.3 T. The variations in 

∆Cincr and ∆Kincr are minimum for the magnetic field in the range of 0.3 T- 0.4 T. 

Meanwhile, the field-induced variation in ∆Kincr is pronounced over ∆Cincr variation 

for the magnetic field below 0.3 T. For an increase in magnetic field from 0.3 T to 0.4 

T, the ∆Cincr increase is more pronounced compared to the enhancement in ∆Kincr. As 

a consequence, the loss factor exhibits an increasing and decreasing trend with the 

variations  in magnetic field.   

0.0 0.1 0.2 0.3 0.4
3.0

3.5

4.0

4.5

5.0

5.5

6.0

6.5

S
ti

ff
ne

ss
, K

' (
kN

/m
)

Magnetic field (T)

 6Hz
 15Hz
 25Hz
 50Hz
 60Hz
 80Hz

0.0 0.1 0.2 0.3 0.4

25

50

75

100

125

E
qu

iv
al

en
t 

vi
sc

ou
s 

da
m

pi
ng

 (
N

-s
/m

)

Magnetic field (T)

 6Hz
 15Hz
 25Hz
 50Hz
 60Hz
 80Hz

(a) (b)



86 
 

 

Figure 3.12. (a) Magnetic field induced incremental change in Stiffness. (b) Magnetic field 
induced incremental change in equivalent viscous damping. 

3.6 Summary 

In this chapter, the concept of dynamic blocked transfer stiffness method and its 

theoretical formulations were presented. An experimental test setup was developed as 

per the dynamic blocked transfer stiffness method to characterize the frequency and 

magnetic field dependent properties of MRE. The viscoelastic properties were 

estimated from the force-displacement hysteresis loops. Results of the study revealed 

that the properties of MRE were sensitive to the variations in magnetic field and 

frequency but the effect of magnetic field was more pronounced. The dynamic 

stiffness of MRE was enhanced with the increase in frequency and the magnetic field. 

However, the energy dissipation ability of MRE was decreased with the increase in 

frequency and it exhibited a positive trend with the variations in magnetic field. As a 

consequence, the loss factor displayed a field dependent increase and decreasing 

trend, which confirmed that the loss factor of MRE cannot be controlled 

independently under the magnetic field.    
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4 CHAPTER 4 

EXPERIMETAL INVESTIGATION OF THE LINEAR 

VISCOELASTIC LIMIT AND AMPLITUDE DEPENDENT 

CHARACTERISCTICS OF MAGNETPORHEOLOGICAL 

ELASTOMER 

4.1 Introduction 

Preliminary dynamic viscoelastic property measurement studies revealed the magnetic 

field and frequency sensitive characteristics of MRE.  Apart from these factors, the 

input strain is also an important aspect due to the existence of matrix-filler interface. 

As discussed in chapter 2, the properties of a viscoelastic material are categorized as 

linear and nonlinear with respect to the critical strain. Under linear regime, 

viscoelastic modeling approaches based on theory of linear viscoelasticity are used to 

model the material behavior. These modeling approaches are effective in representing 

the viscoelastic behavior within the critical strain. However, beyond the critical strain, 

linear viscoelastic models fail to predict the material behavior as the storage and loss 

modulus transform into a strain dependent quantities. Moreover, the input strain 

coupled with the frequency and magnetic field dependency influences the linear 

viscoelastic behavior of MRE. Consequently, control strategies developed based on 

the assumption of linear viscoelasticity fail to represent the material behavior in 

nonlinear region, which in turn affects the performance of a MRE device   

The critical strain could not be interpreted as the point where the dynamic 

stiffness/ modulus transform from a strain independent to strain dependent quantity. 

In general, a 10% deviation from the strain independent modulus is contemplated as 

the critical strain as the material still retains the linearity. Therefore, it is important to 

have a critical assessment of the properties of MRE in the transition region. Present 
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chapter is focused on evaluating the effect of frequency and magnetic field on the 

critical strain of MRE. Above studies are extended to evaluate the influence of 

frequency and magnetic field on the strain dependent characteristics in the transition 

region. An overview of the present study is listed below.   

1. Characterizing the Linear viscoelastic (LVE) limit of MRE through forced 

vibration test and assess its dependency on frequency and the magnetic field   

2. Experimentally investigate the influence of strain on the field-induced 

characteristics of MRE.   

4.2 Methodology 

LVE limit of MRE is characterized from the forced vibration tests performed 

according to the testing standard ISO 10846-1:2008 discussed in chapter 3. MRE test 

sample is idealized as a Kelvin-Voigt spring with stiffness K and damping C (Figure 

4.1). The resultant stiffness is denoted by K*.  

 
Figure 4.1. SDOF representation of forced vibration test setup 

According to the standard, dynamic drive point stiffness estimates the stiffness with 

respect to the force at the input end. Estimated stiffness from the drive point approach 

is affected by the inertial mass of the system, which induces terminal nonlinearity to 

the measurement at higher frequencies (Nadeau and Champoux, 2000). On the 

contrary, the blocked transfer stiffness, which is based on the blocked force 
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measurement, overcomes the weakness of drive point stiffness approach (Ooi et al., 

2011).    

With respect to the Figure 4.1, the dynamic blocked transfer stiffness is given by, 

 

* 2 ( ) ( ) ( )F t K x t C x t
K

x ( t ) x ( t )

+
= =

ɺ  
(4.1) 

Rearranging the terms in equation (4.1), the force-displacement relations with respect 

to the blocked transfer stiffness is given by, 

 *
2 ( )F t K x ( t )=  (4.2) 

The linear and nonlinear behavior of viscoelastic material is distinguished from the 

response under harmonic excitation. In linear viscoelastic region, for the imposed 

harmonic excitation, the response force at the blocked end will be sinusoidal but lags 

by a phase angle δ. 

0

2 0 0 0
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= + = + 
 (4.3) 

However, the non-linear response of the material for the imposed harmonic input 

cannot be represented by a single harmonic function rather it is described as Fourier 

series of odd harmonics (Tariq et al., 1998; Gong et al., 2012a).   
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(4.4) 

where, Fn and  δn are the amplitude and phase angles of the odd harmonics 

respectively.    

A distinction between the linear and nonlinear response in a viscoelastic 

material is depicted in Figure 4.2. The force and displacement signal under the linear 

region is represented in Figure 4.2a and 4.2b. Corresponding signals under the 
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nonlinear region are represented in Figure 4.2e and 4.2f. The frequency-domain 

representation of the force signal under the linear and nonlinear regime is illustrated 

in Figure 4.2c and 4.2g respectively. By eliminating the parameter t, the viscoelastic 

response is represented in the form of a force-displacement hysteresis loop. In linear 

viscoelastic region, the hysteresis loop will be a proper ellipse (Figure 4.2d). The 

contribution from high-order harmonics gives rise to a non-elliptical shape of the 

hysteresis loop, which represents the nonlinear viscoelastic behavior (Figure 4.2h).    

 
Figure 4.2. (a) Input displacement, (b) Output response force, (c) Frequency domain 

representation of response force and (d) hysteresis plot corresponding to linear response of a 
viscoelastic material. (e) Input displacement, (f) Output response force (g) Frequency domain 
representation of response force and (h) hysteresis plot corresponding to nonlinear response 

of a viscoelastic material. 

4.3 Characterization of LVE limit and amplitude dependent properties of 
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The LVE limit characterization was performed on a MRE sample comprising of 27%  

by volume CIP. Test sample preparation and its characterization were carried as per 

the procedures discussed in section 3.3. LVE limit is evaluated at different 
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revealed from the preliminary studies. The LVE limit of MRE was monitored from 

the distortion in the shape of the hysteresis plot with the increase in the input strain. 

Experiments were performed under constant frequency and magnetic field by varying 

the input strain until a distortion in the shape of the hysteresis loop is observed. The 

strain amplitude corresponding to the deviation in the regular elliptical shaped 

hysteresis loop was interpreted as the LVE limit. To ensure the consistency and 

accuracy in the measured LVE limit, the procedure discussed in section 3.3 are 

implemented. 

  The LVE limit characterization experiments were extended to evaluate the 

strain dependent characteristics of MRE. These tests were performed at fixed strain 

amplitudes corresponding to different frequencies and magnetic field strength. The 

deviations in the slope of the hysteresis loop were monitored to assess the strain 

dependent response and its influence on the field-induced characteristics of MRE.   

4.4 Results and discussion 

4.4.1 LVE limit of MRE 

The force-displacement hysteresis loop of MRE under magnetized and non-

magnetized state is represented in Figure 4.3-4.5. As visualized from the graph, the 

shape of the curve is a proper ellipse at lower strain levels, and it distorts as the strain 

exceeds the LVE limit. The limiting strain corresponding to the transition from linear 

to nonlinear viscoelastic behavior is termed as the critical strain.    

Frequency and magnetic field dependent variation in the critical strain is 

depicted in Figure 4.6. The critical strain exhibits a strong dependency on the 

magnetic field. With the increase in the magnetic field, the transition from linear to 

nonlinear behavior occurs at lower strain levels. Corresponding to 6 Hz and 0 T 
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magnetic field, the critical strain is 5.17% and increasing the magnetic field to 0.2 T, 

the critical strain is decreased to 4.67% with a reduction of 9.6%. Further increasing 

the magnetic field to 0.4 T, 19% reduction in critical strain is noticed. The field 

dependency of the critical strain is consistent with the frequency as it exhibits a 

reduction of 20.3% for varying the magnetic field from 0 T to 0.4 T at 16 Hz. From 

Figure 4.4, it is also noticed that the influence of frequency on critical strain is not as 

pronounced as compared to the magnetic field.    

 

Figure 4.3 (a-b) Hysteresis plots representing the transition from linear to nonlinear response 
of MRE at 0T and 0.4 T corresponding to 6 Hz. 

 

Figure 4.4 Hysteresis plots representing the transition from linear to nonlinear response of 
MRE at 0T and 0.4 T corresponding to 12 Hz. 
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Figure 4.5 Hysteresis plots representing the transition from linear to nonlinear response of 
MRE at 0 T and 0.4 T corresponding to 18 Hz. 

 

Figure 4.6. Variation in critical strain with respect to the frequency observed at different 

magnetic fields. 
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interface is dominated by weak matrix-filler interactions (Chen et al., 2008b), which 

are characterized by the unstable chemical crosslinks (Gauthiera et al., 2004). The 

nonlinear viscoelastic behavior in MRE comes into light when these bonds break 

under the imposed strain. At smaller strains, the matrix-filler bonds are intact, which 

results in a strain independent response of MRE. As the strain is increased, de-

bonding at the interface occurs, which decreases the number of intact bonds (Lion A 

and Kardelky, 2004).   Further increase in strain results in the slippage at the interface 

due to the breakage of intact bonds. As a consequence frictional energy dissipation 

increases, which induces additional harmonics and results in nonlinear response of 

MRE (Stacer et al., 1990; Gil-Negrete et al., 2006).   

Under magnetized state, MRE attains smart properties as the fillers readily 

interact. These interactions are affected under the applied strain. Consequently, LVE 

limit of MRE is modified due to the variations in the frictional energy dissipation. The 

frictional energy dissipation can be estimated from the equivalent viscous damping of 

MRE (Song et al., 2009) as it includes the dominant contribution from the matrix-

filler interface friction (Ju et al., 2012; Fan et al., 2011; Chen et al., 2008a). Moreover, 

the equivalent viscous damping can solely represent the energy dissipation due to 

friction at the matrix-filler interface under constant strain and constant frequency. 

Figure 4.7 represents frequency and magnetic field dependent variation in the 

equivalent viscous damping corresponding to 2.5% strain. Equivalent viscous 

damping exhibits a positive trend with an increase in magnetic field, which signifies 

the enhancements in matrix-filler interface friction. As a consequence, nonlinearity 

(Stacer et al., 1990) occurs at lower strain levels compared to the non-magnetized 

state of MRE.    
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Figure 4.7. Frequency and magnetic field-induced variation in equivalent viscous damping in 
MRE corresponding to 2.5% strain. 

Present investigation also revealed the influence of frequency on the  LVE limit. 
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Figure 4.8 (a-b) Hysteresis loops corresponding to 8 Hz evaluated at different strain levels. 

 

Figure 4.9 (a-d) Hysteresis loops corresponding to 12 Hz evaluated at different strain levels. 

 

Figure 4.10 (a-d) Hysteresis loops corresponding to 16 Hz evaluated at different strain levels. 
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Figure 4.11 (a-d) Hysteresis loops corresponding to 20 Hz evaluated at different strain levels. 
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which is surrounded by the bulk polymer. Bound rubber is harder than the bulk 

rubber, and it has less molecular mobility due to the supplementary crosslinks at the 

filler surface (Funt, 1988; Kalfus and Jancar, 2007; Chazeau et al., 2000). The 

difference in the hardness results in a stress concentration at matrix-filler interface 

under the imposed strain. This initiates the bonding and debonding process of the 

bound rubber at the interface. Consequently, the total number of intact bonds is 

reduced, which decreases the stiffness of the filled elastomer (Lion, and Kardelky, 

2004).    

The filler-structure model is well adopted to describe the strain dependency in 

the elastomers filled with nano-sized fillers (Jong, 2005;Osman and Atallah., 2006; 

Suzuki et al., 2005). However, a bound rubber model interprets the strain dependency 

in elastomers filled with micron-sized fillers (Stelandre et al., 2003; Stacer et al.,1990) 

and nano-sized fillers (Leopoldes et al 2002; Chen and Xu, 2011). The bound rubber 

model can be extended to describe the strain dependency in MRE as the 

microstructure images shown in Figure 3.8 suggest the uniform distribution of the 

micron-sized particles. Moreover, the formation of network of agglomerations is not 

evident, which rules out the relevancy of the filler-network model for MRE. The 

applicability of matrix-filler bonding and debonding models is further justified from 

the studies by Zhang et al. (2007) which has proven the existence of bound rubber in 

MRE.    

The strain dependent characteristics of MRE have an influence on the 

interaction between the fillers under magnetized state. Affects of strain are analyzed 

from the reduction in the stiffness of MRE as the input strain is varied. The stiffness 

reduction is expressed as, 



99 
 

L HS t i f f n e s s  r e d u c t i o n  -K K=  (4.5) 

where, K L corresponds to the dynamic stiffness registered for the lower strain level, 

and K H represents the dynamic stiffness at higher strain. Table 4.1 lists the stiffness 

reduction measured by varying the strain from 0.83% to 3.34% at different frequency 

and magnetic fields. 

Table 4.1. Amplitude dependent stiffness reduction in kN/m of MRE by increasing the strain 
from 0.83% to 3.34% at different frequency and magnetic field. 

Magnetic 

field (T) 
Frequency (Hz)  

6 8 10 12 14 16 18 20 24 

0 
0.711       
± 0.014 

0.708       
± 0.015 

0.693       
± 0.011 

0.688       
± 0.010 

0.676       
± 0.014 

0.664       
± 0.012 

0.661        
± 0.010 

0.657        
± 0.013 

0.648        
± 0.011 

0.2 
0.673       

± 0.013 
0.660        

± 0.011 
0.650        

± 0.010 
0.643        

± 0.016 
0.638       

± 0.013 
0.630        

± 0.011 
0.625       

± 0.013 
0.612        

± 0.015 
0.605        

± 0.015 

0.3 
0.646       

± 0.011 
0.637       

± 0.013 
0.635        

± 0.012 
0.628       

± 0.013 
0.617        

± 0.013 
0.610       

± 0.013 
0.605       

± 0.010 
0.600       

± 0.012 
0.594        

± 0.010 

0.4 
0.630        

± 0.012 
0.623       

± 0.010 
0.620       

± 0.011 
0.611       

± 0.012 
0.604        

± 0.012 
0.596       

± 0.015 
0.584        

± 0.012 
0.580       

± 0.012 
0.575        

± 0.012 

Stiffness reduction values listed in the table 4.1 suggest that, magnetic field 

has a significant influence on the strain dependent properties of MRE. The strain 

dependent stiffness reduction is pronounced under non-magnetized state, and it 

diminishes as the magnetic field is increased. The field-induced stiffness reduction is 

unaffected by the increase in frequency. Stiffness reduction observed at 0 T and 6 Hz 

is 0.711 N/mm. Correspondingly, at 0.4 T  a stiffness reduction of  0.630 N/mm is 

observed with a total decrement of 11.65%. Under similar conditions, increasing 

frequency to 20 Hz, the corresponding reduction is 11.85%.  

The difference in strain dependent characteristic of MRE under magnetized and 

non-magnetized state is attributed to field-induced compressive force exerted by the 

fillers on the entrapped rubber (Possinger et al., 2014). The compressive force has a 

significant influence on the enhancement in the dynamic stiffness of MRE by 
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modifying the interface interactions between the matrix and the fillers (Cho and 

Youn, 2006; Wollscheid, 2014). This phenomenon can be interpreted by adapting the 

bound rubber model proposed by Zhang (Zhang et al., 2007). The bound rubber 

model (4.12 c)  is a schematic representation of the microstructure images of filler 

shown in Figure 4.12a and 4.12b.   As depicted in Figure 4.12d, the strain dependency 

in MRE is illustrated on a section of the bound rubber with the supplementary 

crosslinks at the interface (Stacer et al.,1990; Qiao et al., 2012). In the absence of 

magnetic field, the bonding and deboning process initiated due to the  input strain 

reduces the total number of intact bonds (Figure 4.12e). Subsequently, it reduces the 

overall dynamic stiffness of MRE.  

 

Figure 4.12. (a-b) Microstructure image of MRE sample. (b) Bound rubber around the 
ferromagnetic filler. (b) Schematic representation of bound rubber.(d-e) Chemical crosslinks 
at the bound rubber under non-magnetized state corresponding  to undeformed and deformed 

state of MRE. (f-g) Chemical crosslinks at the bound rubber under magnetized state 
corresponding to un-deformed and deformed state of MRE. 

Under magnetized state, the mechanism responsible for the strain dependency 

differs due to the field-induced interaction between the fillers. As represented in 

Figure 4.12f, the magnetic force brings the neighboring particles closer, which in turn 

transfers the force to the entrapped rubber. As a consequence, a resistance force is 
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experienced against the bonding and debonding process at the bound rubber, which 

creates an unfavorable condition for the breakage of bonds. This process results in the 

retaining of more intact bonds at the bound rubber under magnetized state compared 

to the non-magnetized state of MRE (4.12g). Subsequently, it leads to the variations 

in strain dependent characteristics of MRE under magnetized and non-magnetized 

state.    

4.5 Summary 

The Assessment of LVE limit and characterization of amplitude dependent 

characteristic of MRE is a crucial factor to transcend MRE from laboratory to the 

actual application prospectus. In this chapter, the influences of magnetic field and 

frequency on the amplitude dependent characteristics of MRE were discussed. The 

properties of MRE were evaluated as per the dynamic blocked stiffness method 

discussed in the chapter 3. The transition from linear to nonlinear viscoelastic 

behavior was assessed from the deviation in the regular elliptical shape of the 

hysteresis loops obtained from the blocked force measurement. The results indicated 

that the LVE limit of MRE was sensitive to the frequency and the magnetic field. The 

magnetic field had a greater influence on the transition behavior as it modified the 

interface interaction between the matrix and the filler.  

The amplitude dependent characteristics of MRE were evaluated from the 

variation in the slope of the hysteresis loop. Like any other conventional viscoelastic 

material, MRE exhibited the Payne effect as the displacement amplitude was 

increased. The variation in the amplitude dependency was evaluated from the 

disparity in the stiffness registered between two different strain levels. These results 

indicated that within the tested strain levels, the reduction in stiffness was more 
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pronounced under non-magnetized state than the magnetized state. The mechanism 

associated with the deviation in strain characteristic of MRE was interpreted by 

adopting bound rubber model.  
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5 CHAPTER 5 

EXPERIMENTAL INVESTIGATION OF DYNAMIC 

COMPRESSION PROPERTIES OF MRE 

5.1 Introduction 

In chapters 3 and 4, the dynamic viscoelastic properties of MRE are evaluated under 

shear loading as it represents the volume preserving deformation state. The results of 

shear test cannot be extended to model the compression stiffness, as the properties of 

MRE are sensitive to the loading status. Moreover, the compressive load simulates the 

realistic loading conditions of polymer composites and in this configuration it exhibits 

a larger load bearing capacity.  

A review of past literatures indicates that there is a considerable amount of 

works reported on the shear properties of MRE, but few studies have addressed the 

properties under compression (Gordaninejad et al., 2012; Padalka et al., 2010; Kaillo 

et al., 2007). Koo et al. (2010) proposed a phenomenological model to represent the 

dynamic compression characteristics of MRE. Liao et al. (2012) investigated the field 

sensitive compressive characteristics in terms of variation in normal force. These 

researchers have enlightened the compressive characteristics of MRE. But, the results 

from above stated literatures cannot be used for the present work as the properties of 

MRE are unique. Moreover, these properties vary significantly with the combination 

of matrix and filler and also with the operating parameters.  

In the present work, dynamic compression tests are performed as per blocked 

transfer stiffness method to evaluate the compressive stiffness of MRE. Experiments 

are performed at frequencies ranging from 8 Hz-24 Hz under different magnetic field 

and strain amplitudes. The effects of these parameters on the dynamic stiffness and 



104 
 

damping are calculated from the force–displacement hysteresis loop. The test results 

are used to develop a mathematical relation for the translation stiffness of MRE based 

on phenomenological modeling approaches.     

5.2 Experimental studies 

5.2.1 Experimental set up 

 

Figure 5.1 (a) 3D image of the test fixture for dynamic compression test. (b). Mode shape of 
test fixture corresponding to the fundamental frequency. (c) Contour plots of the magnetic 

field. (d) Magnetic field variation along the along the diameter of the MRE sample. (e)  
Magnetic field variation along the distance between the magnets. 

Experiments were performed on a cylindrical shaped MRE (27 % by volume CIP and 

73 % by volume RTV silicone matrix) sample with dimensions 10 mm high and 19 

mm in diameter (Koo et al., 2010). The samples were prepared as per the procedure 

described in chapter 3. The measurement of field-induced compressive characteristics 

of MRE is challenging as the direction of deformation and the magnetic field are in 

the same direction. A customized fixture was designed with a rectangular opening to 
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accommodate the permanent magnets on either side of MRE. Figure 5.1a shows the 

3D image of the test fixture. Modal analysis of the test fixture was performed in 

Ansys (ver 14) to assess the influence of its deformation on the measured properties 

of MRE. The results shown in Figure 5.1b indicated that the fundamental frequency 

of the test fixture is around 354.14 Hz, which is not likely to have an influence on the 

stiffness values up to 24 Hz.  

The field dependent properties of MRE were tested by employing a pair of 

rare-earth neodymium permanent magnets (type: NdFeB 32, coercivity: 883310 A/m, 

and relative permeability: 1.045). A special type of test rig was designed to alter the 

distance between the magnets to vary the magnetic field. Magnetic flux at the 

opposite end of the permanent magnet was blocked by a ferromagnetic strip to 

enhance the magnetic field over the region occupied by MRE. Finite-Element 

Element Method Magnetics (FEMM) simulations were performed to analyze the 

magnetic field variations across the diameter (Figure 5.1c; along p-p') and along the 

region separated by two magnets (Figure 5.1c; along q-q'). As depicted in Figure 5.1d, 

variation in magnetic field from the centre to edges was within 10%. The distribution 

of magnetic field between the magnets at the edges of MRE was decreased with the 

increase in distance (Figure 5.1e). For a minimum possible separation distance of 30 

mm, FEMM simulations showed 6% deviation with the actual measured values (0.27 

T at the edges of sample along the line p-p'). 

 The schematic representation and the actual image of dynamic compression 

property measurement experimental setup are shown in Figure 5.2a and 5.2b. 

Compressive properties of MRE were tested by the steady-state harmonic excitation 

from an electrodynamic shaker. The harmonic signals of different frequencies were 
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effects of deformation history and stress softening on the measured viscoelastic 

properties, procedures discussed in the chapter 3 were implemented.  

5.3 Results and discussion 

Force-displacement hysteresis plots evaluated at different magnetic fields (0 T, 0.1 T, 

0.2 T and 0. 27 T) corresponding to 8 Hz, 12 Hz, 16 Hz and 20 Hz are depicted in 

Figure 5.3a-5.3d. The slope and area of the hysteresis loop vary with the magnetic 

field and excitation frequency. Field-induced variation in the hysteresis behavior of 

MRE is associated with the interaction between the magnetically active fillers. The 

frequency dependency in MRE is attributed to the viscoelastic behavior, which it 

inherited from the elastomer matrix.  

 

Figure 5.3. (a-d) Magnetic field dependent  variation in hysteresis loop for 8 Hz, 12 Hz, 16 
Hz and 20 Hz 

As depicted in Figure 5.4a and 5.4b, the variation in magnetic field and 
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stiffness (K*) and equivalent viscous damping (C). The K* of MRE enhance with an 

increase in frequency, which signifies the frequency dependent stiffening behavior 

(Osman and Atallah, 2006). Influence of frequency on the field-induced enhancement 

in K* is not pronounced. Corresponding to 8 Hz, K* is increased by 29.6 N/mm by 

varying the magnetic field from 0 T-0.27 T. Similarly at 24 Hz, the field-induced 

enhancement in K
* is 25.63 N/mm. However, the C of MRE is decreased with an 

increase in frequency, indicating the reduction in damping characteristics (Hu et al., 

2015). Enhancement of C with an increase in the magnetic field is sensitive to the 

excitation frequency. For the input frequency of 8 Hz, the C of MRE is increased by 

0.688 Ns/mm as the magnetic field is varied from 0 T-0.27 T. The corresponding 

enhancement in C at 24 Hz is 0.192 Ns/mm.  

 

Figure 5.4 Magnetic field and frequency dependent variation in K* and C of MRE 

The amplitude dependent compression behavior of MRE is evaluated by 

varying the amplitude of harmonic excitation at constant frequency and magnetic 

field. Figure 5.5(a-d) represents the amplitude dependent hysteresis behavior of MRE 

corresponding to 8 Hz and 16 Hz. As evident from the graph, with an increase in 

amplitude, the slope of the hysteresis loop decreases and the area of the hysteresis 

loop increases. This indicates the phenomenon of Payne effect as discussed in chapter 

4.    
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Figure 5.5 Amplitude dependent variation in hysteresis loop corresponding to 8 Hz and 16 
Hz at 0 T and 0.4 T magnetic field. 

The dynamic test results revealed the existence of magnetic field, frequency 

and the strain dependent viscoelastic properties of  MRE under compression mode. In 

order to describe these effects simultaneously, a mathematical formulation of the 

material behavior is essential. The material modeling approaches simplify the material 

property characterization studies by eliminating the  costlier and time consuming data 

collection processes.  

5.4 Summary 

In this chapter, the dynamic properties of MRE were experimentally evaluated to 

develop a mathematical representation of the compression properties of MRE. The 

dynamic blocked transfer stiffness method was adopted to evaluate the viscoelastic 
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properties. MRE test sample was attached to a special type of fixture and pair of 

permanent magnets was used to provide the testing magnetic field. Modal 

characteristics of the fixture was studied to assess the effect of fixture compliance on 

the measured properties of MRE and the FEMM analysis was carried out to evaluate 

the field variation in the region occupied by MRE. The results revealed that like shear 

mode, the properties of MRE under compression are also sensitive to the magnetic 

field, frequency and input strain.    
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6 CHAPTER 6 

VISCOELASTIC MODELLING OF FREQUENCY AND 

MAGNETIC FIELD INDUCED PROPERTIES OF 

MAGNETPORHEOLOGICAL ELASTOMER 

6.1 Introduction 

Material behavior of MRE is represented by adopting the phenomenological 

modeling approaches based on viscoelastic constitutive relations. These models are 

developed within the framework of a spring and a dashpot, which can simultaneously 

describe the magnetic field and frequency dependent behavior. As discussed in 

chapter 2, the type of modeling elements has a significant influence on the predictive 

accuracy over a broad-band frequency. Both integer and fractional order based models 

can effectively predict the behavior over wide frequencies, but the fractional order 

based models require lesser parameters.  

In this chapter, modeling approaches to describe the field-induced 

compressive properties of MRE for the frequency range from 8 Hz to 24 Hz are 

presented. Two types of modeling techniques namely, integer and fractional 

derivative order are proposed. Integer order based model comprises of two Maxwell 

elements with six parameters, and fractional order model includes a total of five 

parameters. MATLAB optimization tool box is used to obtain the parameters of these 

models. An equally spaced frequency interval of 4 Hz, 8 Hz and 16 Hz is chosen to 

evaluate the ability of the models in predicting the broad-band viscoelastic behavior. 

The parameters at the intermediate frequencies are described by an interpolation 

function, which is used to evaluate the ability of the model in reproducing the 

experimental results. 
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6.2 Viscoelastic material modeling 

A general relationship between the force and displacement in a viscoelastic material 

under the harmonic loading is expressed as (Özkaya and  Nordin, 2006), 

 
,
dx

F f x
dt

 =  
 

 (6.1) 

Above equation states that, the force F in a viscoelastic material is not only a function 

of input displacement, but also depends on the displacement rate dx/dt ; where, t is the 

time.  

6.2.1 Modeling components for viscoelastic behavior 

This section deals with the basic viscoelastic modeling elements used to portray the 

viscoelastic material behavior. The physical representation and the fundamental 

equations describing these modeling components are briefly discussed and its 

response under a harmonic loading is also addressed.    

 

Figure 6.1.  MRE viscoelastic behavior modeling components (a) Spring element. (b) 
Dashpot element. (c) Spring-pot element 

6.2.1.1 Elastic spring 

The spring element (Figure 6.1a) represents the basic modeling element which 

constitutes the elastic part of a viscoelastic model. It describes the instantaneous 

recovery of the deformation upon removing the external load (Berg, 1997).  

The relation between the input displacement and the elastic force Fs is given by, 

 s sF K x=  (6.2) 

s sF K x= v

dx
F c

dt
=

f

d x
F c

dt

α

α
=

(a) (b) (c)
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The relationship between force amplitude Fs0 and harmonic displacement, x=x0e
iωt

, in 

a spring element of stiffness  Ks is represented as, 

 s0 s 0F K x=  (6.3) 

where, x0, ω and t are displacement amplitude, excitation frequency and time 

respectively. 

6.2.1.2 Viscous dashpot 

The dissipative behavior in a viscoelastic material is represented by a linear viscous 

dashpot shown in Figure 6.1b. The viscous force Fv developed by a dashpot does not 

depend on the displacement rather it is a function of the rate of deformation (Berg, 

1997). In the mathematical form, dissipative force experienced by a viscous dashpot 

is given by,    

 
vF cx= ɺ  (6.4) 

For a harmonic displacement excitation x=x0e
iωt, a delay exists between the force and 

displacement in a dashpot, which represents the phase difference. This result in an 

elliptical shaped force-displacement plot, and the corresponding amplitude of viscous 

force Fv0 is given by,   

 v 0 0F ic xω=  (6.5) 

6.2.1.3 Spring-pot 

Spring-pot element is a modified form of the dashpot element, where the viscoelastic 

constitutive relations are described as a fractional time derivatives rather than the 

regular integer order derivative (Bagley and Torvik, 1983; Makris and Constantinou, 

1991). The mathematical form of force-displacement relation in a spring-pot element 

is given by (Berg and Kari, 2003),  

 
f

d x
F c

dt

α

α=  (6.6) 
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where, Ff is the force acting on the spring pot, c and α are the parameters of the 

fractional model. The derivative d
α
/dt

α
 denotes a fractional time derivative of the 

order α. The spring-pot element is effective in approximating the damping 

characteristics of a viscoelastic material, which is neither linearly dependent on 

frequency nor frequency independent (Hu et al., 2011b). The spring-pot concept can 

be conceived by an interpolation between a purely viscous and a purely elastic 

behavior, which occupies the intermediate range with a fractional order between zero 

and one. 

 
Figure 6.2. Comparison between the derivatives of the order 0, 0.5 and 1. 

Compared to an integer order, the fractional order derivative offers a wide range 

to model the continuous variation in the rate of change of viscoelastic behavior. 

Figure 6.2 shows a comparison between the variation of first derivative and a half 

derivative. The fractional order derivative falls between the closest integer order 

derivatives which allows a smoother variation to monitor the damping characteristics 

(Shahsavari and Ulm, 2009). 

6.2.2 Empirical models of viscoelasticity 

The ideal elastic and viscous behavior of a material is represented by spring and 

dashpot respectively. Correspondingly, a combination of these elements yields 
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different viscoelastic relations that could be employed to simulate the viscoelastic 

behavior of materials. The structure of basic viscoelastic models and the response 

under complex loading are briefly discussed below.    

6.2.2.1 Kelvin–Voigt Model 

The simple empirical model obtained by the parallel arrangement of a spring and a 

dashpot is called Kelvin-Voigt model (Riande et al., 2000). This configuration  results 

in a same deformation in both elements as shown in Figure 6.3. Total force, FKV 

applied to the entire system is the sum of the forces in spring and dashpot (Özkaya  

and  Nordin, 1998).  

 

Figure 6.3. Kelvin-Voigt model 

The governing equation of the Kelvin-Voigt model is given by, 

 
KV

( )
( ) ( )

s d

dx t
F t K x t c

dt
= +  (6.7) 

where, Ks is the stiffness of the spring element and  cd is the damping constant of the 

dashpot. The response of the Kelvin-Voigt model under harmonic displacement is 

expressed in terms of the complex stiffness KKV
* as, 

 *
KV

( )
KVF

K K ic
x t

ω= = +  (6.8) 

K s

c d

F KV

x= x s= x d

x
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6.2.2.2 Maxwell Model 

The arrangement of spring and dashpot in a series configuration results in an 

empirical relation referred to as Maxwell model (Riande et al., 2000). As represented 

in Figure 6.4, under quasi-static deformation, by neglecting the inertial effects, the 

force experienced by the both elements is same (Özkaya and  Nordin, 1998).  

 

Figure 6.4. Maxwell Model 

The resulting deformation is the sum of the deformations in spring and the dashpot. 

The force (FM) and displacement relation in a Maxwell model are expressed as, 

 
M M( )( ) 1

s d

dF t Fdx t

dt K dt c
= +  (6.9) 

where, Ks is the stiffness of the spring element and  cd is the damping constant. 

The complex stiffness KM
*of the system under harmonic loading is given by, 

 *
M ( )

d sM

s d

i c KF
K

x t K i c

ω
ω

= =
+

 (6.10) 

 2 2 2
*

M 2 2 2 2 2 2
d s d s

s d s d

c K c K
K i

K c K c

ω ω
ω ω

= +
+ +

 (6.11) 

6.2.3 Standard Linear Solid Models (SLS)  

The Kelvin–Voigt and Maxwell are the basic viscoelastic models constructed by 

connecting spring and dashpot in parallel and series configurations respectively. 

However, these models are not effective in representing the viscoelastic behavior of a 

real engineering material. To some extent, these deficiencies can be overcome by 

arranging a spring in series with the Kelvin-Voigt unit or placing a spring parallel 

K s
c d

x d x s

F M
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with the Maxwell, which is referred to as Poynting-Thomson and Zener form of SLS 

respectively (Riande et al., 2000; Özkaya and Nordin, 1998). 

6.2.3.1 Zener model 

 

Figure 6.5. Standard Linear Solid model - Zener model 

Zener model is a three parameter SLS comprising of a Maxwell element in parallel 

with a spring element (Lakes, 2009). As depicted in Figure 6.5, this arrangement 

results in the same deformation in Maxwell and the spring element. The governing 

equation which defines the force-displacement relation is given by,  

 ( )2 1 21 2

( ) ( )
( ) ( )z

Z Z z Z Z ZZ Z

dF t dx t
c K F t c K K x tK K

dt dt
+ = ++  (6.12) 

Where, Fz is the net force acting on the model, KZ1 and KZ2 are the spring elements 

and cZ is the viscous damping coefficient.  

The complex stiffness KZ
*of the Zener model under harmonic loading is given by, 

 ( )2 2 2 2
1 2* 1 2 1

Z 2 2 2 2 2 2
1 1

Z Z ZZ Z Z Z

Z Z Z Z

K K cK K c K
K i

K c K c

ω ω
ω ω

+ +
= +

+ +
 (6.13) 

6.2.3.2 Poynting Thomsons model 

The modified version of Zener model is the Poynting-Thomson (PT) model (Riande et 

al., 2000). This model comprises of a Kelvin-Voigt unit in series with a spring 

element (Figure 6.6). Total load acting on the spring element is same as that of 

Maxwell element. The governing differential equation of the system is obtained from 

the resultant deformation in the system, which is the sum of the deformation in the 

F Z

c Z

x

K Z 1

K Z 2
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spring element and Kelvin-Voigt unit. The force-displacement relation in a PT model 

is expressed as, 

 PT
P1 P2 P P1 P 2 P1 P

( ) ( )
( ) ( ) ( )

dF t dx t
K K F t c K K x t K c

dt dt
+ + + = +  (6.14) 

Where, FPT is the net force acting on the model, KP1 and KP2 are the spring elements 

and cP is the viscous damping coefficient.  

 
Figure 6.6. Standard Linear Solid model - Poynting Thomson 

The complex stiffness KP
*of the PT model under harmonic loading is given by, 

 ( )
( )

( )
( )

2 2
P1 P 2 P1 P P1 P P1 P 2 P* P1 P 2 P1 P 2

P 2 22 2 2 2
P PP1 P 2 P1 P 2

K K K c K c K K cK K K K
K i

c cK K K K

ω ω ω

ω ω

+ −+ +
= +

+ ++ +
 (6.15) 

6.3 Proposed models for MRE 

The viscoelastic behavior of MRE is modeled by employing the basic viscoelastic 

relations discussed in section 6.2. Combination of these elements coupled with the 

field-induced characteristics yield different configurations of MRE models. In the 

proposed study, material models based on integer order and fractional order 

viscoelastic constitutive relations are developed. The integer order based model is 

referred to as 2-Maxwell model and the fractional order model is termed as fractional 

Maxwell model. The 2-Maxwell model compromises of a total of six parameters. 

Damping characteristic in the model is addressed by two Maxwell elements connected 

in parallel. An elastic spring and a magnetic spring element are connected in parallel 

K P1
F PT

c P

x

K P2
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with the Maxwell elements to incorporate elastic and magnetic characteristics. The 

fractional Maxwell model of MRE comprises of a fractional Maxwell element 

connected in parallel with spring and magnetic element. The fractional Maxwell 

element describes the damping characteristics. Stiffness and field sensitive 

characteristics are addressed by elastic and magnetic springs respectively.    

6.3.1 2-Maxwell element model 

The configuration of 2-Maxwell MRE model is represented in the Figure 6.7. This 

model comprises of a total of six parameters Ksm, K1, c1, K2, c2 and KB. Parameter Ksm 

represents the stiffness of the spring element, which simulates the elastic behavior of 

the model. The coefficients of Maxwell element are denoted by K1, c1, K2, c2 and 

parameter KB represents the field sensitive characteristics.   

Proposed MRE model is one dimensional, and its response depends on the 

contribution of elastic spring force (Fe), viscous force (Fv) and magnetic force (Fm) 

(Berg et al., 1997; Chen and Jerrams, 2011). Cumulative contribution of these forces 

yield the total force F2m as,   

 
2m e v mF F F F= + +  (6.16) 

 
Figure 6.7. 2-Maxwell MRE model. 
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6.3.1.1 Elastic force 

Elastic force in MRE is due to the stiffness of the polymer matrix. The elastic force 

associated with the stiffness Ksm, for the input harmonic displacement x is given by,  

 
s smF K x=  (6.17) 

6.3.1.2 Viscous force 

Rate dependent characteristics are incorporated in the model by the Maxwell 

elements. The parallel arrangement with the elastic spring results in the same 

deformation in Maxwell elements. Mathematical expression for the total viscous force 

(Fv) due to Maxwell elements (Lijun et al., 2010) is,    

 

( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

2 2

1 1 2 2

2 2 2 2

1 1 2 2

v 2 2

1 1 2 2

2 2 2 2

1 1 2 2

K c K c

K c K c
F x

c K c K
i

K c K c

ω ω

ω ω

ω ω

ω ω

  
 + + 
  + + 

=  
  

+    + +  

 (6.18) 

6.3.1.3 Magnetic force 

The field-induced diploe interactions between the ferromagnetic fillers impart field 

sensitive characteristics to MRE. These attributes are incorporated to the model by the 

inclusion of dipole interaction between the adjacent particles in a chain (Jolly et al., 

1996). A schematic representation of a pair of fillers in MRE unit cell is shown in 

Figure 6.8. Under magnetic field, these particles are approximated as magnetic 

dipoles with a dipole moment m (Dong et al., 2012).    

According to magnetic dipole theories, the interaction energy between two magnetic 

dipoles 1m
�

 and 2m
�

 separated by a distance r
�

 is as follows (Furst and Gast, 2000), 

 ( ) ( ) ( )1 2 1 23
1 0

1
ˆ ˆ3

4
U m m r m r m

r µ µ
= ⋅ − ⋅ ⋅  π

� � � �  (6.19) 
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where, µ0 is the permeability of vacuum, µ1 is the relative permeability of the 

elastomer matrix. 

Simplified expression for interaction energy between any two dipoles of equal 

strength m and for the direction of deformation along the applied magnetic field (θ=0) 

is,  

 2

3
1 0

m
U

r µ µ
−

=
2π

 (6.20) 

 
Figure 6.8.  (a) Geometry of two particles of diameter a within a particle chain.  (b) Magnetic 
interaction between two particles approximated as dipole moments m shared with respect to 

one another. 

The dipole moment acquired by each ferromagnetic filler under the influence of 

magnetic field is (Spaldin, 2011), 

 
0m VMµ=  (6.21) 

where, V is the volume of the iron particles, and M is the saturation magnetization. 

The relation between the magnetic induction B and magnetization M is (Spaldin, 

2011), 

 M DB=  (6.22) 

where, D = χ/(µ0(1+χ ) and χ  is the susceptibility of the iron particles. 
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The deformation h, in a MRE unit cell (Figure 6.8b) is (Liao et al., 2012), 

 
0h r r= −  (6.23) 

The magnetic force of interaction between the fillers under an external deformation in 

a unit cell is expressed as (Shen et al., 2004; Liao et al., 2012), 

 
 

dU dU dr
F

dh dr dh
= − = −  (6.24) 

Upon simplification, the magnetic field-induced force between two fillers is expressed 

as, 

 2

4
1 0

3m
F

r µ µ
=

2π
 (6.25) 

The total contribution of magnetic force, Fm in MRE is calculated by including the 

interactions between n number of particles (Shen et al., 2004; Jolly et al., 1996)  is,  

 2

m 4
1 0

3
t

V m
F

r V

φ
µ µ

=
2π

 (6.26) 

where, φ  is the  percentage by volume of CIP and Vt is the volume of MRE sample. 

From equation 6.21 and 6.22 , the relation between the magnetic force Fm and the 

magnetic induction B is expressed as, 

 2
m BF K B=  (6.27) 

3 2
0

B 4
1

where,  t
V VD

K
r

φ µ
µ

=
2π  

6.3.1.4 Total force 

In the linear viscoelastic regime, the elastic, viscous and magnetic forces are 

superimposed according to equation (6.16) to give the total force in the model. 

Contribution of these forces on total force F2m is expressed as (Berg et al.,1997), 
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 ( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

2 2

1 1 2 2 2
2m sm B2 2 2 2

1 1 2 2

2 2

1 1 2 2

2 2 2 2

1 1 2 2

 + + 
K c K c

F K x x K B
K c K c

c K c K
i x

K c K c

ω ω

ω ω

ω ω

ω ω

  
 = + 

  + +  

  
 + + 
  + +  

 (6.28) 

The ratio of force and the input displacement yields the dynamic stiffness of the 2-

Maxwell model K2m
* as (Berg et al., 1997; Nadeau and Champoux, 2000), 

 * ' "2m
2m 2m 2m 

F
K K iK

x
= = +  (6.29) 

The steady state force-displacement response of the 2-Maxwell model for an input the 

harmonic displacement of x=x0e
iωt is given by, 

 m( )*
2m 02m

 tiF x eK
ω δ+=  (6.30) 

where, δm  is the phase difference between the force and the displacement, which is 

expressed as, 

 ( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

( )
( ) ( )

2 2

1 1 2 2
2 2 2 2

1 1 2 21
m 2 2 2

1 1 2 2 B
sm 2 2 2 2

01 1 2 2
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 + + 

c K c K

K c K c

K c K c K B
K

xK c K c

ω ω

ω ω
δ

ω ω

ω ω

−

   
  + 

   + +  =  
   
 +     + +   

 (6.31) 

6.3.2 Fractional Maxwell model 

 
Figure 6.9. Fractional Maxwell MRE model 
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The fractional derivative based MRE model is represented in the Figure 6.9. This 

model comprises of a total of five parameters. The parameter Ksf represents the 

stiffness of the spring element and the field sensitive characteristic of the model is 

represented by parameter KB. Stiffness of fractional Maxwell chain is denoted by K 

and the parameters c and  α  are the coefficients of fractional dashpot.  

The superposition of elastic force, viscous force and the magnetic forces gives the 

total force Ffm  as, 

 
fm e fv mF F F F= + +  (6.32) 

where, Fe, Ffv and Fm are the elastic, viscous and magnetic force respectively. The 

elastic and magnetic forces in the model are similar to the forces discussed in section 

6.3.1.  

Viscous force is derived from the force-displacement relations in a fractional 

Maxwell element. This element comprises of a spring and Scott–Blair dashpot 

connected in series (Xu and Chen, 2013; Lewandowski and Chorazyczewski, 2010). 

This configuration results in an equal force in spring and the spring-pot element. The 

total deformation of fractional Maxwell chain is the sum of deformation in the spring-

pot and the elastic spring.    

Force-displacement relations in spring and spring-pot of a fractional Maxwell chain is 

expressed as (Xu and Chen, 2013; Lewandowski and Chorazyczewski, 2010), 

 fv
fs fs v

( )
( ),  (0 1)

d x t
F Kx t F c

dt
α

α

α= = ≤ ≤  (6.33) 

 
fs fv fv fs v( ) ( ) ( ),    x t x t x t F F F= + = =  (6.34) 

where, F and x denotes the force and displacements respectively. The subscript fs 

represent the spring and subscript v denotes the dashpot. 
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The differential equation relating the force, Ffv and displacement in a fractional 

Maxwell element is, 

 
( ) ( )fv fv( ) ( ) ( )

c d d
F t F t c x t

K dt dt

α α

α α+ =  (6.35) 

Under linear regime, harmonic input displacement x=x0e
iωt results in an output 

harmonic force with a phase difference. 

The complex modulus of the equation is derived by transforming time domain 

equation into the frequency domain by using the relation (Bagley and Torvik, 1983), 

 
( ) ( ) ( )

i

i

d
F x t i x t

dt
ω

α
α

α

 
= 

 
 (6.36) 

The relation between force and displacement of a fractional Maxwell chain in the 

frequency domain is, 

 
( ) ( )

( )fv

( ) ( )
( )

( )

Kc i x t
F t

K c i

ω

ω

α

α
=

+
 (6.37) 

After introducing the relation iα
=cos (απ/2)+isin (απ/2), the modified form of force 

displacement relation is, 

 ( )
2 2

fv
2

2 2

cos / 2

( ) ( ) 2 cos / 2

sin / 2

( ) ( ) 2 cos / 2

Kc c K

K c c K
F x

K c
i

K c c K

ω ω απ

ω ω απ

ω απ
ω ω απ

α α

α α

α

α α

 +
 +

+ + =  
  + + 

 (6.38) 

6.3.2.1 Total force response of fractional Maxwell model 

Using equation 6.32, the expression for total force is given by, 
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 (6.39) 

The dynamic stiffness Kfm
* of the fractional Maxwell model is given by the ratio of 

total force to the displacement is, 

 
* ' " fm
fm fm fm

F
K K iK

x
= + =  (6.40) 

The steady-state force-displacement response of fractional Maxwell model for the 

harmonic strain x=x0e
iωt  is given by, 

 f( )*
fm 0fm

tiF x eK
ω δ+=  (6.41) 

where, δf is the phase difference between the force and the displacement, which is 

given by, 
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(6.42) 

6.4 Parameter identification 

The performances of the proposed models are evaluated based on the accuracy in 

reproducing the experimental results. The parameters of each model are identified by 

minimizing the least square error between the measured and the predicted force from 

the dynamic model as represented in Figure 6.10 (Li et al., 2010b). The objective 

function, which optimizes the parameters of 2-Maxwell and fractional Maxwell MRE 

model are given by,   
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( )2

2M 2m
1

( ) ( )
N

e

i

J Fm i F i
=

= −∑  (6.43) 

 
( )2

FM fm
1

( ) ( )
N

e

i

J Fm i F i
=

= −∑  
(6.44) 

where, J2M and JFM are the objective functions for 2-Maxwell and fractional Maxwell 

model respectively, and N is the number of different experimental data of one loop. 

F2m and Ffm are the compression forces given by equations 6.30 and equation 6.41 

respectively and Fe represents the experimentally measured force response.   

 
Figure 6.10.  Force vs  time graph showing the experimentally and fitted force values. 

The proposed modeling approach aims at developing a generalized 

mathematical relation to portray the magnetic field (from 0 T - 0.27 T) and the 

frequency (between 8 Hz -24 Hz) dependent properties of MRE. A comparison is 

made between the 2-Maxwell and fractional Maxwell model by generalizing the 

variation of parameters with respect to frequency and magnetic field. The ability of 

the model to capture the viscoelastic behavior over a broader frequency spectrum is 

evaluated using three different sets of input data referred to as 2 point, 3 point and 5 

point.  The details of input data are listed in Table 6.1.    

Two types of interpolating functions are chosen; linear and quadratic in 

magnetic field (B) and frequency (f). Selection of an interpolating function is based on 

0.00 0.05 0.10 0.15
-6

-3

0

3

6

F
or

ce
 (

N
)

Time (s)

 Experimental Data
 Fitted Data



128 
 

the variation of a particular parameter with respect to B and f. The generalized 

expression representing the variation of a parameter is given by,     

 2 2
0 1 2 3 4 5          Y a a B a f a B a f a B f= + + + + +  (6.45) 

where, Y is the parameter of the model and a0, a1, a2, a3, a4 and a5 are the coefficients 

of generalized expression. The details of the interpolation function and the procedure 

to estimate the parameters of target frequency for 2-Maxwell and fractional Maxwell 

model are discussed in the following section. 

Table 6.1. Input frequency and the target frequency 

Modeling 
approach 

Input 
frequency  data 

Input frequency Target frequency 

2-Maxwell and 
fractional 
Maxwell 

2 Point 8Hz and 24 Hz 
10 Hz, 12 Hz, 14 

Hz,16 Hz and  20 Hz  

3 Point 8 Hz, 16 Hz and 24 Hz 
10 Hz, 12 Hz, 14 Hz 

and  20 Hz  

5 Point 
8 Hz, 12 Hz, 16 Hz, 20 

Hz and 24 Hz 
10 Hz, 14 Hz and  18 

Hz 

6.4.1 Parameters of 2-Maxwell MRE model 

 

Figure 6.11. (a-b) Force-displacement hysteresis loops corresponding to experimental and 
fitted data for 8 Hz and 16 Hz at 0 T and 0.27 T. 

Parameters of 2-Maxwell MRE model determined by minimizing the errors in 
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experimental results and the fitted data with optimized parameters corresponding to 8 

Hz and 16 Hz evaluated at 0 T and 0.27 T.  

The parameters of 2-Maxwell model are sensitive to B and f, and its variation 

in 3D space with respect 2 point, 3 point and 5 point input are depicted in Figure 6.12 

- 6.14 (a-f). These variations are described by an interpolation function according to 

the equation 6.45. For 2 point input, all parameters are described by a 2D linear 

interpolation function (first 3 terms of equation 6.45). Corresponding to 3 point and 5 

point input, the parameters K2 and c1 are expressed by 2D quadratic interpolation (all 

terms of equation 6.45). Remaining parameters of the model are predicted by a 2D 

linear interpolation. The coefficients of generalized expression for the parameters of 

2-Maxwell model with 2 point, 3 point and 5 point input are listed in table 6.3-6.5 

respectively.  

Table 6.2. Optimized parameters of 2-Maxwell model 

Frequency  

(Hz) 

Magnetic 

field (T) 

Ksm       
(N/mm) 

K1                  
(N/mm) 

K2                   
(N/mm) 

c1                                   
(N-s/mm) 

c2                             
(N-s/mm) 

KB                            
(N /T2) 

8 

0 104.499 28.801 41.300 0.971 0.886 0.000 
0.1 114.046 37.519 36.107 1.034 0.819 1.602 

0.2 117.923 46.182 33.316 1.143 0.793 2.658 

0.27 122.589 52.675 32.293 1.259 0.752 3.511 

12 

0 106.923 35.263 44.072 0.922 0.752 0.000 

0.1 116.941 42.811 40.298 0.934 0.702 2.010 

0.2 123.458 49.840 37.444 0.985 0.666 2.851 

0.27 124.693 54.209 35.292 1.050 0.512 3.801 

16 

0 111.671 41.381 47.179 0.839 0.700 0.000 

0.1 118.567 46.117 43.612 0.851 0.591 2.231 

0.2 125.040 51.720 41.011 0.882 0.504 3.210 

0.27 127.890 57.595 39.055 0.903 0.481 4.102 

20 

0 120.064 45.130 50.119 0.774 0.589 0.000 

0.1 124.878 49.572 47.099 0.800 0.526 2.450 

0.2 126.651 56.402 43.037 0.822 0.462 3.730 

0.27 132.275 61.054 41.010 0.791 0.423 4.504 

24 

0 125.311 45.459 52.850 0.682 0.502 0.000 
0.1 129.639 50.090 49.219 0.720 0.423 2.750 
0.2 132.348 56.846 45.698 0.758 0.350 3.990 

0.27 137.651 61.891 43.329 0.739 0.283 5.010 
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Figure 6.12. Variation in the parameters of 2-Maxwell model with respect to B and f 
corresponding to 2 point input. 

 

Figure 6.13. (a-f) Variation in the parameters of 2-Maxwell model with respect to B and f 
corresponding to 3 point input. 
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Figure 6.14. (a-f) Variation in the parameters of 2-Maxwell model with respect to B and f 
corresponding to 5 point input 

 

Table 6.3. Coefficients of generalized expression for the parameters of 2-Maxwell model for 
2 point input. 

Parameters a0 a1 a2 a3 a4 a5 

Ksm 99.18741 54.37383 1.02956    

K1 24.92996 75.74306 0.76734    

K2 34.38625 -34.3869 0.75124    

c1 1.2016 0.65726 -0.02357    

c2 1.11073 -0.64396 -0.02642    

KB -0.64658 15.46004 0.06237    

 

Table 6.4. Coefficients of generalized expression for the parameters of 2-Maxwell model for 
3 point input. 

Parameters a0 a1 a2 a3 a4 a5 

Ksm 98.14141 56.66785 1.02956 −− −− −− 
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c1 1.2385 1.35538 -0.03853 0.05978 0.0006919 -0.05318 

c2 1.10813 -0.70425 -0.02642 −− −− −− 

KB -0.63271 15.22521 0.06237 −− −− −− 
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Table 6.5.  Coefficients of generalized expression for the parameters of 2-Maxwell model 
with 5 point input. 

Parameters a0 a1 a2 a3 a4 a5 

Ksm 98.25195 55.83037 1.02274 −− −− −− 

K1 26.43065 68.6786 0.8061 −− −− −− 

K2 31.73275 -46.3173 1.20078 59.62521 -0.01324 -0.18708 

c1 1.2393 1.265 -0.03689 0.00624 0.0006478 -0.05259 

c2 1.08376 -0.71505 -0.02509 −− −− −− 

KB -0.62482 15.1395 0.062527 −− −− −− 

6.4.2 Parameters of fractional Maxwell MRE model 

The optimized parameters of fractional Maxwell model are listed in table 6.6. 

Variations of these parameters with respect to B and f for 2 point, 3 point and 5 point 

inputs are represented in Figure 6.15-6.17. A linear interpolation function is chosen to 

estimate all the parameters of the model which is represented by the first three terms 

of equation 6.45. The corresponding coefficients of the interpolating function with 

different groups of input frequency are represented in table 6.7-6.9.   

Table  6.6.  Optimized parameters of fractional Maxwell model 

Frequency 

(Hz) 

Magnetic 

field (T) 

Ksf               

(N/mm) 

K                 

(N/mm) 

c                             

(N-sα /mm) 
α 

KB            

(N /T2) 

8 

0 77.365 150.145 16.937 0.532 0.000 
0.1 87.784 160.040 15.855 0.541 1.512 
0.2 95.175 171.491 14.916 0.552 2.569 

0.27 96.695 180.954 13.639 0.559 4.012 

12 

0 83.051 159.194 15.672 0.535 0.000 
0.1 93.704 167.486 14.583 0.548 1.786 
0.2 97.498 175.596 14.230 0.558 3.199 

0.27 101.667 184.402 12.598 0.563 4.158 

16 

0 89.591 168.051 14.821 0.543 0.000 
0.1 97.092 173.079 13.399 0.551 2.305 
0.2 101.595 178.578 12.448 0.566 3.420 

0.27 105.133 187.710 11.613 0.573 4.655 

20 

0 97.644 175.331 13.619 0.553 0.000 
0.1 104.150 178.415 12.517 0.559 2.624 
0.2 105.220 183.617 11.650 0.572 3.946 

0.27 109.193 193.033 10.755 0.579 5.191 

24 

0 101.290 178.308 12.619 0.559 0.000 
0.1 107.031 182.045 11.852 0.561 3.103 
0.2 109.840 185.896 10.482 0.577 4.212 

0.27 113.240 195.174 9.513 0.583 5.522 
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Figure 6.15 Variation in the parameters of fractional Maxwell model with respect to B and f 
corresponding to 2 point input 

 

Figure 6.16. Variation in the parameters of fractional Maxwell model with respect to B and f 
corresponding to 3 point input. 
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Figure 6.17. Variation in the parameters of fractional Maxwell model with respect to B 
and f corresponding to 5 point input. 

Table 6.7. Coefficients of generalized expression for the parameters of fractional Maxwell 
model for 2 point input. 

Parameters a0 a1 a2 a3 a4 a5 

Ksf 72.22541 59.62078 1.14132 −− −− −− 

K 143.9341 87.95998 1.23112 −− −− −− 

c 19.06108 -11.95743 -0.26376 −− −− −− 

a 0.52077 0.09884 0.00149 −− −− −− 

KB -0.87746 17.09385 0.07413 −− −− −− 

Table 6.8. Coefficients of generalized expression for the parameters of fractional Maxwell 
model for 3 point input. 

Parameters a0 a1 a2 a3 a4 a5 

Ksf 72.2301 58.70052 1.14132 −− −− −− 

K 145.11788 82.51943 1.23112 −− −− −− 

c 18.99971 -11.88883 -0.26376 −− −− −− 

a 0.52016 0.10488 0.00149 −− −− −− 

KB -0.826925 16.98081 0.07413 −− −− −− 

Table 6.9. Coefficients of generalized expression for the parameters of fractional Maxwell 
model for 5 point input. 

Parameters a0 a1 a2 a3 a4 a5 

Ksf 72.27689 55.67294 1.18158 −− −− −− 

K 145.35189 81.07555 1.25813 −− −− −− 
c 18.95023 -11.36262 -0.26439 −− −− −− 
a 0.5192 0.10392 0.00157 −− −− −− 

KB -0.89888 17.02925 0.07567 −− −− −− 
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6.5 Comparison between the experimental and model estimated stiffness 

A comparison between the stiffness K' and K" estimated by the models and from the 

experiments are presented in Figure 6.18-6.21. Predicted K' by both the modeling 

approaches with 2 point, 3 point and 5 point input are in a good agreement with the 

experimental results. However, the K" estimated by the 2-Maxwell and fractional 

Maxwell model are not as accurate as the predicted values of K'. Moreover, the K" 

estimated by the 2-Maxwell and fractional Maxwell model differs as the frequency 

interval is varied. For both models, variations in the K" predicted with 3 point and 5 

point are not significant. But, the deviation in the predicted K" values are pronounced 

corresponding to the 2 point input.    

 

Figure 6.18.  (a-f) Comparison between the experimental and predicated K' by 2-Maxwell 
and fractional Maxwell model with different set of input at 0 T and 0.1 T. 

 

Figure 6.19. (a-f) Comparison between the experimental and predicated K' by 2-Maxwell and 
fractional Maxwell model with different set of input at 0.2 T and 0.27 T. 
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Figure 6.20. (a-f) Comparison between the experimental and predicated K'' by 2-
Maxwell and fractional Maxwell model with different set of input at 0 T and 0.1 T. 

 

Figure 6.21. (a-f) Comparison between the experimental and predicated K'' by 2-Maxwell 
and fractional Maxwell model with different set of input at 0.2 T and 0.27 T. 
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The maximum error in estimating the K" by 2-Maxwell model and fractional 

Maxwell with 2 point input is more than 10%. But, with 5 point input, the accuracy in 

predicting K" by both models are maximum. In addition, by varying the input from 5 

point to 3 point, the improvement in the accuracies of predicted K"  are not 

significant. This implies that the stiffness values predicted by fractional Maxwell and 

2-Maxwell models are unaffected by varying the frequency interval from 4 Hz to 8 

Hz.    

Table 6.10 Maximum percentage error in estimating K' and K" by 2-Maxwell and fractional 
Maxwell with 3 point input. 

Model 
Magnetic 

field 

K' K" 

2 Point 3 Point 5 Point 2 Point 3 Point 5 Point 

2-Maxwell 

0T 4.08 3 2.74 13.93 6.64 6.15 
0.1T 4.13 3.02 3.24 10.01 5.32 4.42 
0.2T 3.81 2.68 2.5 10.41 5.65 4.93 

0.27T 5.49 4.55 4.16 11.34 5.01 4.52 

Fractional-
Maxwell 

0T 4.15 3.16 2.83 12.49 7.06 6.46 
0.1T 3.33 2.41 2.02 11.53 3.58 3.12 
0.2T 4.68 2.69 2.39 10.24 4.24 4.18 

0.27T 3.61 2.78 2.82 10.17 5.21 5.21 

The 2-Maxwell and fractional Maxwell with 3 point input could portray the frequency 

and magnetic field dependent properties with a reasonable accuracy. Stiffness K' 

estimated by these models are in good agreement with the experimental results but 

there exists a difference among the estimated K." A comparison between the 

percentage error in estimating K" for 2-Maxwell 3 point and fractional Maxwell 3 

point corresponding to 0 T to 0.27 T are shown in Figure 6.22.  

As visualized from the graph, the predictive accuracy is relatively better with 

fractional Maxwell than the 2-Maxwell model. Corresponding to 14 Hz, the error in 

estimating K" by 2-Maxwell model with 3 point input is 3.48%, 5.03%, 5.99% and 

3.69% for 0 T, 0.1 T, 0.2 T and 0.27 T respectively. The corresponding errors for 

fractional Maxwell 3 point input are 3.25%, 2.15%, 3.3% and 2.6%. These variations 
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depend on two aspects. Firstly, the process of objective function minimization and 

second, the number parameters in a model.  

 

Figure 6.22.Percentage error in estimating K" by 2 Maxwell and Fractional Maxwell model 

at 0 T,0.1 T, 0.2 T and 0.27 T. 

The hysteresis loop obtained from the optimized parameter (Figure 6.11) is not 

an exact representation of the experimental hysteresis loop. As a consequence, a 

difference exists between the K" obtained from the experiments and computed from 

the optimized parameters.. Subsequently, this error is reflected on the predicted K" by 

the model as it maps the results obtained from the optimized parameters.   

The accuracies in reproducing K" obtained from the optimized parameters by 

2-Maxwell are 94.66%, 97.6%, 96.69% and 97.17% corresponding to 0 T, 0.1 T, 0.2 

T and 0.27 T respectively. Accordingly, the accuracies of fractional Maxwell model 

are 95.91%, 97.86%, 97.26% and 98.79%. Relatively better prediction by the 
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fractional Maxwell model is attributed to the lesser number of parameters. With a 

reduced number of parameters, the possibility of propagation of error during the 

estimation of parameters by an interpolating function is lowered (Figliola and 

Beasley, 1995). Subsequently, this error is reflected in estimated stiffness values 

corresponding to the target frequencies while representing it in the generalized form.   

In addition, the stiffness parameters Ksm and Ksf represent the elastic 

characteristics of 2-Maxwell and fractional Maxwell respectively. As evident from the 

parameters listed in table 6.2 and table 6.6, the numerical value of Ksm is larger than 

Ksf. This signifies that, the real part of the stiffness in fractional Maxwell model 

depends on the elements of fractional Maxwell chain (K, c, α). Meanwhile, the 

imaginary part of the stiffness is also a function of these parameters. This 

interdependency of fractional Maxwell chain on K' and K" is beneficial as it can 

facilitate in choosing a better interpolating function to improve the predictive 

accuracy of the model. 

Furthermore, an ideal model should be able to represent the material behavior 

in a simple form over wide frequency range. Among the proposed models, variations 

of two out of six parameters in 2-Maxwell model are governed by a 2D quadratic 

interpolation function. On the contrary, all the parameters of fractional Maxwell 

model are represented by 2D linear function in B and f. The linear correlation between 

the operating parameters is more advantageous than the quadratic as it offers simple 

control algorithms to realize MRE based semi-active devises (Wang and  Tang, 

2008).  Above results confirm that fractional Maxwell model with 3 point input is 

better compared to the integer order based model in terms of accuracy, simplicity and 

flexibility. By incorporating the amplitude dependent effects, the fractional Maxwell 
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model can be used to represent the frequency, magnetic field and strain dependent 

properties of MRE.    

6.6 Summary 

Two types of modeling approaches based on the integer and fractional order 

viscoelasticity were presented. The integer order based model comprised of six 

parameters, and the fractional order model included five parameters. These 

parameters were identified by minimizing the error between the responses from the 

model and the dynamic compression test results discussed in chapter 5. With respect 

to the optimized parameters, the ability of the model in reproducing the experimental 

results over the tested frequency range of 8 Hz to 24 Hz was assessed. The variations 

of the parameters with respect to magnetic field and frequency were simulated by 

selecting an interpolation function. A 2D quadratic and linear interpolation function 

was considered and based on the variation of a particular parameter, a suitable 

interpolation function was chosen. The accuracies of both the models were assessed 

with respect to the predicted response corresponding to 2 point, 3 point and 5 point 

input data, which represented the frequency interval of 4 Hz, 8 Hz and 16 Hz. From 

the response predicted by the model, it was confirmed that both modeling approaches 

were effective in portraying the experimentally predicted response with the 3 point 

input data. However, the fractional order based model was more versatile compared to 

the integer order based models. This modeling technique offered a greater accuracy, 

simplicity and flexibility in predicting the viscoelastic behavior of MRE.    
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7 CHAPTER 7 

DEVELOPING A GENERALIZED EXPRESSION TO 

REPRESENT THE FREQUENCY, MAGNETIC FIELD AND 

STRAIN DEPENDENT PROPERTIES OF 

MAGNETPORHEOLOGICAL ELASTOMER 

7.1 Introduction 

The material modeling of MRE based on viscoelastic constitutive relations is effective 

in portraying the magnetic field and frequency dependent properties. But, these 

models are not efficient as the input amplitude is varied. As evident from chapter 4 

and chapter 5, MRE exhibits a pronounced strain dependency like conventional filled 

rubbers. Therefore, the model should incorporate the amplitude dependent effects 

while representing in a mathematical form.   

As discussed in chapter 2, the amplitude dependent effects can be included by 

adding the frictional or hysteresis characteristics to the model. But, in the present 

study, the fractional Maxwell model coupled with a stochastic linearized Bouc-Wen 

component is employed to represent the overall behavior of MRE. This approach is 

sufficient to describe the amplitude dependent characteristics, as the hysteresis loops 

(Figure 5.5) revealed that MRE does not show the strain stiffening or softening 

phenomenon (Yu et al., 2016). The parameters of the model are identified by 

minimizing the error between the experimental and the model predicted response. 

Based on these parameters, a generalized expression is developed to represent 

frequency, magnetic field and amplitude dependent effects simultaneously. The 

performance of this model is evaluated based on the ability to fit the experimental 

data, which is expressed in terms of fitness value.  
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7.2 Modeling magnetic field, frequency and amplitude dependent behaviour of 

MRE. 

Nonlinear systems like Bouc-Wen hysteresis model (Ismail et al., 2009) are often 

used to describe the response of a material when subjected to high amplitudes of 

vibrations. In the proposed model, the amplitude dependent component is coupled 

with the frequency and magnetic field dependent response predicted by the fractional 

Maxwell model. By using the relation in equation 6.40, a generalized expression for 

the blocked force by including the viscoelastic and amplitude dependent effect is 

given by (Greco et al., 2001; Alkhatib, 2013),  

 ( ) 2fm fm ( ) ( ) ( )' " x K z FK iK ω ω ω+ =+  (7.1) 

where Kfm' and Kfm" are the real and imaginary part of the dynamic stiffness of 

fractional Maxwell model. The parameter K2 represents the hysteretic component of 

the restoring force and z is a non-observable parameter described by a nonlinear 

equation, which is given by (Greco et al.,2001), 

 1n n
z Ax x z z x zβ γ

−
= − −ɺ ɺ ɺɺ  (7.2) 

where A,β,γ, n are parameters that describe the hysteresis loop. Each parameter of 

the above governing equations influences the hysteresis loops in different ways. This 

could be in the form of vertical intercept, amplitude, thickness or area under the graph 

(Yu et al., 2016). 

It is difficult to solve the nonlinear Bouc-Wen system to obtain closed-form 

solutions for the differential equations. Hence, it is a common practice to linearize the 

system to obtain a frequency response function. The Bouc-Wen model can be 

modified in several ways to simplify the system and to make it computationally faster 
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for parameter estimation. The system can also be normalized to reduce the number of 

parameters without any compromise in rigorosity (Ismail et al., 2009; Ikhouane and 

Rodellar, 2007; Hurtado, and Barbat, 2000).   

Deriving the frequency response function is vital to obtain the storage and the 

loss moduli of the elastomer. Although the parameter estimation can be accomplished 

using the nonlinear form of equation, it is not possible to obtain a transfer function for 

the differential equation. To overcome this limitation, a stochastic linearization which 

replaces the nonlinear hysteresis component by an equivalent linear model can be 

employed (Hurtado, and Barbat, 2000; Love et al., 2011; Marano, and Greco, 2003; 

Giaralis, and Spanos, 2013; Foliente et al., 1996). In the linearization technique, the 

linear model is obtained by taking the reference of nonlinear equation, which portrays 

the hysteretic loop is assumed as (Marano, and Greco, 2003),   

 
e ez C x K z= +ɺɺ  (7.3) 

where, Ce and Ke are the linearized parameters, which represent the stochastically 

equivalent damping and stiffness. 

Frequency domain transform of  the linearized equation is, 

 ( ) ( ) ( )e e
i z iC x k zω ωω ω ω= +  (7.4) 

The expression for z(ω) is simplified as,,  

 
( ) ( )e

e

i C
z x

i k

ω
ω ω

ω
=

−
 (7.5) 

The modified form of blocked force F, with the inclusion of Bouc-Wen stiffness and 

damping parameters are given by, 
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The expression for the complex form of dynamic stiffness K* (= KR+iKi ), of proposed 

model is given by,  
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The dynamic stiffness comprises of a real part, denoted by KR and an imaginary part 

of the stiffness represented by Ki. 

Under steady-state, the force-displacement response of MRE for the harmonic input 

displacement, x=x0e
iωt is given by, 

 f( )*
fm 0

tiF x eK
ω δ+=  (7.8) 

where, δf is the phase difference between the force and displacement,  
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and the magnitude of dynamic stiffness is given by, 
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(7.10) 

7.3 Parameter estimation 

A complete formulation of the viscoelastic material model of MRE is developed by 

using the experimental results discussed in the chapter 5. The developed model 

comprises of a total eight parameters, namely, Ks, K, c, α, KB, K2, Ce and Ke. The 

proposed model uses the experimental results as the input to estimate the parameters. 

Using these parameters, the real and imaginary part of the dynamic stiffness is 

computed. The parameter estimation process involves a nonlinear regression 

algorithm in order to minimize the error between the experimental and the model -

predicted force for each set of experimental results. The expression for the objective 

function which optimizes the parameter of the model is given by (Eem et al., 2012; 

Norouzi et al., 2015),   

 
( )2

1 1

( , ) ( , )
N M

e

i j

J F i j F i j
= =

= −∑∑  (7.11) 

where, N and M are the number of different experimental data corresponding to the 

various loading conditions like, frequency and strain. The optimized parameters 

obtained for the different magnetic field (0 T, 0.1 T, 0.2 T and 0.27 T ), frequency ( 8 

Hz, 16 Hz and 24 Hz) and the stain amplitudes (0.05 mm, 0.1 mm and 0.15 mm) are 

listed in table 7.1-7.3.    
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Table 7.1. Optimized parameters of the model corresponding to 0.05 mm input displacement 

Input  
variable 

Ksf 

(N/mm) 
K 

(N/mm) 
c          

(N-sα /mm) 
α KB                     

(N /T2) 
K2              

(N/mm) 
Ce                           

( N-s/mm) 
Ke              

(N/mm) 

8 Hz-0 T 92.00 322.56 9.842 0.5217 0.000 38.90 0.3980 208.79 

8 Hz-0.1 T 97.97 364.45 9.749 0.5243 0.250 46.35 0.3459 202.52 

8 Hz-0.2 T 104.36 376.08 9.703 0.5312 0.966 51.55 0.2917 190.29 

8 Hz-0.27 T 111.26 409.08 9.631 0.5382 1.602 52.55 0.1997 185.29 

16 Hz-0 T 100.91 328.07 9.162 0.5239 0.000 40.73 0.5458 199.51 

16 Hz-0.1 T 109.10 374.24 8.990 0.5249 0.257 48.97 0.4001 191.49 

16 Hz-0.2 T 116.46 388.92 8.921 0.5339 1.004 55.18 0.3946 188.72 

16 Hz-0.27 121.76 425.92 8.781 0.5419 1.604 63.08 0.3796 182.72 

24 Hz-0 T 103.31 340.14 8.510 0.5326 0.000 45.02 0.5787 188.02 

24 Hz-0.1T 111.64 376.81 8.342 0.5349 0.269 56.60 0.4658 175.32 

24 Hz- 0.2 T 120.61 400.47 8.316 0.5360 1.042 58.89 0.3969 160.08 

24 Hz- 0.27 T 125.56 427.50 8.280 0.5422 1.803 65.78 0.3945 150.26 

Table 7.2. Optimized parameters of the model corresponding to 0.1 mm input displacement 

Input  
variable 

Ksf 

(N/mm) 
K 

(N/mm) 
c          

(N-sα /mm) 
α KB                     

(N /T2) 
K2              

(N/mm) 
Ce                           

( N-s/mm) 
Ke              

(N/mm) 

8 Hz-0 T 86.92 355.60 9.561 0.5291 0.000 39.25 0.3610 192.48 

8 Hz-0.1 T 93.70 399.08 9.469 0.5333 0.248 48.43 0.2623 180.84 

8 Hz-0.2 T 100.07 426.08 9.399 0.5423 0.948 54.43 0.2123 170.84 

8 Hz-0.27 T 105.77 445.08 9.327 0.5523 1.548 58.84 0.1853 161.84 

16 Hz-0 T 98.49 360.06 8.614 0.5308 0.000 47.51 0.4569 186.16 

16 Hz-0.1 T 103.59 403.06 8.438 0.5368 0.245 55.51 0.3949 170.16 

16 Hz-0.2 T 113.19 439.06 8.208 0.5458 0.998 58.51 0.3579 160.16 

16 Hz-0.27 119.32 465.06 7.981 0.5568 1.980 68.51 0.3149 150.16 

24 Hz-0 T 100.49 382.04 8.131 0.5338 0.000 54.15 0.4711 180.85 

24 Hz-0.1T 108.49 407.04 7.931 0.5390 0.350 59.95 0.3991 162.85 

24 Hz- 0.2 T 118.49 450.04 7.531 0.5490 0.990 65.95 0.3691 152.85 

24 Hz- 0.27 T 121.99 470.04 7.231 0.5589 1.855 70.95 0.3591 142.85 

 
Table 7.3.  Optimized parameters of the model corresponding to 0.15 mm input displacement 

Input  
variable 

Ksf 

(N/mm) 
K 

(N/mm) 
c            

(N-sα /mm) 
α KB                     

(N /T2) 
K2              

(N/mm) 

Ce                           

( N-
s/mm) 

Ke              

(N/mm) 

8 Hz-0 T 81.72 380.60 9.361 0.5359 0.000 43.25 0.3110 182.48 

8 Hz-0.1 T 87.52 417.60 9.311 0.5421 0.526 50.25 0.2510 173.48 

8 Hz-0.2 T 95.52 425.60 9.211 0.5523 0.926 52.25 0.1871 167.48 

8 Hz-0.27 T 102.12 450.60 9.161 0.5633 0.926 62.25 0.1569 153.48 

16 Hz-0 T 92.25 390.06 8.298 0.5368 0.000 55.51 0.3619 175.16 

16 Hz-0.1 T 100.25 424.06 8.138 0.5428 0.546 59.51 0.3219 165.16 

16 Hz-0.2 T 109.45 445.06 7.898 0.5558 0.546 65.51 0.2725 155.16 

16 Hz-0.27 116.25 475.06 7.798 0.5658 0.546 70.51 0.2425 146.16 

24 Hz-0 T 94.49 405.04 8.031 0.5400 0.000 60.15 0.3951 170.85 

24 Hz-0.1T 102.99 430.04 7.692 0.5480 0.243 64.15 0.3411 156.85 

24 Hz- 0.2 T 113.69 456.04 7.292 0.5600 0.243 70.15 0.3011 140.85 

24 Hz- 0.27 T 119.19 490.04 7.112 0.5680 0.243 80.15 0.2711 134.85 
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In total, 36 sets of compression test data were used to estimate the parameters of the 

model. From the parameters listed in table (table 7.1- 7.3), it is found that the 

parameters are sensitive to the change in magnetic field, frequency and the amplitude. 

These variations are represented in a mathematical form by using LINEST function 

(MS Excel). This function approximates a linear equation to simulate the 

simultaneous variations of the parameters with respect to frequency, magnetic field 

and strain. Assumed linear function is advantageous as it offers a simple mathematical 

formulation of MRE, which is easier to implement in MRE based semi active control 

strategies (Wang and Tang, 2008). A generalized form to represent these variations is 

expressed as, 

 1 2 3 4d d A d B d f d= + + +  (7.12) 

where, d is the parameter of the model. The coefficients of the expression are denoted 

by d1, d2, d3 and d4. Input frequency, amplitude and the magnetic field are denoted by 

f, B and A respectively. The coefficients of the generalized expression are listed in the 

table 7.4. Using above relations, the real and the imaginary part of the stiffness is 

calculated to evaluate the ability of the model in reproducing the experimental results. 

Table 7.4. Coefficients of the generalized expression of the parameters of MRE model. 

Parameters d1 d2 d3 d4 

Ksf -82.93 79.803 0.94789 87.33 

K  546.3 315.63 1.3685 287.6 

c              -7.433 -1.7307 -0.10064 11.196 

α 0.1874 0.08288 0.00040 0.5049 

KB                    -0.4143 5.688 -0.01075 0.05644 

K2               91.65 66.31 0.7998 25.23 

Ce                         -1.1483 -0.5568 0.00823 0.40547 

Ke              -250.93 -112.4 -1.3196 233.3 
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7.4 Results and discussion 

Using the parameters estimated from the optimization process, a comparison is made 

between the experimental, and the model predicted hysteresis behavior. Figure 7.1 

compares the force-displacement hysteresis loops at different magnetic field strengths. 

Correspondingly, a comparison between the force-displacement relations under 

different frequency and the input strain are represented in Figure 7.2 and Figure 7.3 

respectively. From these graphs, it can be observed that the proposed model is able to 

predict the frequency, magnetic field and strain dependent characteristics of MRE. 

The area of hysteresis loops is increased by increasing the magnetic field, which is 

very well portrayed by the model. Additionally, with an increase in frequency, the 

stiffness of the MRE is enhanced, which is consistent even in the presence of the 

magnetic field. Moreover, the slopes of the main axis and the area of hysteresis loops 

vary with the increase in the input strain. This indicates that the proposed model is 

effective in portraying the Payne effect in MRE under magnetized and non-

magnetized state.  

 

Figure 7.1. Force-displacement  curves of the experimental data and proposed model for 
different magnetic field strength (a) 8 Hz (b) 16 Hz. 

 

-0.06 -0.03 0.00 0.03 0.06
-25.0

-12.5

0.0

12.5

25.0

F
or

ce
 (

N
)

Displacement (mm)

 Expt 16 Hz-0 T
 Model 16 Hz-0 T
 Expt 16 Hz-0.27 T
 Model 16 Hz-0.27 T

(a) (b)

-0.06 -0.03 0.00 0.03 0.06
-25.0

-12.5

0.0

12.5

25.0

F
or

ce
 (

N
)

Displacement (mm)

 Expt 8 Hz-0 T
 Model 8 Hz-0 T
 Expt 8 Hz-0.27 T
 Model 8 Hz-0.27 T



149 
 

 

Figure 7.2. Force-displacement  curves of the experimental data and proposed model for 
different frequencies (a) 0 T (b) 0.27 T 

 

Figure 7.3. Force-displacement  curves of the experimental data and proposed model for 
different input amplitude (a) 0 T (b) 0.27 T 
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Figure 7.4. Comparison between the experimental data and model predicted KR and Ki at 

different magnetic field corresponding to 0.05 mm input amplitude. 

 
Figure 7.5. Comparison between the experimental data and model predicted KR and Ki at 

different magnetic field corresponding to 0.1 mm input amplitude. 

 
Figure 7.6. Comparison between the experimental data and model predicted KR and Ki 

at different magnetic field corresponding to 0.15 mm input amplitude 
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From the graphs, it is observed that model predicted real part of the stiffness 

(KR) is in good agreement with the experimental results. This proposed model is able 

to reproduce KR with an accuracy of more than 94.3 %. However, the accuracy of 

predicted Ki by the model is relatively lower than the KR. Moreover, this model is able 

to capture the experimentally determined Ki with an accuracy greater than 90.1 %. 

This disparity can be attributed to the variation in the damping characteristics of 

MRE, which is not exhibiting a linear variation with respect to the frequency. 

Moreover, as discussed in chapter 6, the parameter identification processes have a 

significant influence on the accuracy of the predicted stiffness values. The present 

model reproduces the Ki of the experimental results with an error of 9.9 %. However, 

the error in predicting the stiffness Ki,, with respect optimized parameter is less than 

4.9%.    

Apart from graphical analogy, the ability of the model in reproducing the 

experimental results is quantitatively investigated from the fitness value (Eem, et al. 

2012; Norouzi et al., 2015). The fitness value represents the correlation between the 

force value predicted by the proposed model and the measured force from the 

experiments. This is calculated by the normalized root mean square function, and it is 

given by the equation,  

 norm( )
Fitness value (%)  x 100

norm( mean( ))
P E

P E

F F

F F

− 
=  − 

 (7.13) 

where, FP is the predicted force and the FE is the measured force from the 

experiments. The resulting fitness values are listed in table 7.5. In all the experimental 

cases, the values of the fitness are higher (more than 93.22%). This indicates that the 

proposed dynamic model of MRE can be effectively used to predict the frequency, 
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magnetic field and amplitude dependent dynamic compressive characteristics for the 

tested operating conditions. 

Table 7.5. Fitness values of the MRE model. 

Amplitude 
(mm) 

Magnetic 
field (T) 

Frequency ( Hz) 

8 12 16 20 24 

0.05 

0 93.22 97.22 95.55 94.9 94.02 

0.1 93.32 94.8 95.60 95.52 94.62 

0.2 95.19 97.8 94.34 96.4 95.04 

0.27 95.68 94.8 94.23 94.9 97.96 

0.1 

0 94.09 97.05 96.82 96.9 93.82 

0.1 94.68 95.2 96.58 95.89 95.58 

0.2 96.25 99.02 97.28 97.8 95.28 

0.27 93.75 98.21 97.31 96.54 97.31 

0.15 

0 94.01 97.5 96.51 96.15 97.01 

0.1 94.55 98.22 96.73 98.22 96.73 

0.2 93.95 99.15 96.51 97.3 97.21 

0.27 95.25 99.15 98.30 99.01 98.30 

7.5 Summary 

In this chapter, a mathematical relation to represent the frequency, magnetic field and 

amplitude dependent variation in the dynamic compressive behavior of MRE was 

presented. This model was an extension of the fractional order viscoelastic model 

coupled with the linearized Bouc-Wen component. The proposed model comprised of 

a total of eight parameters, which were obtained by minimizing the error in the 

objective function by a nonlinear regression algorithm. Variations of these parameters 

with respect to the operating conditions were generalized by the LINEST function. 

Performance of the model was evaluated based on its ability to map the experimental 

results. The results confirmed that the proposed model satisfactorily reproduced the 

experimental results under varying frequency, magnetic field and the displacement 

amplitude. The model could fit the experimental results with a fitness value of more 

than 93. 33%.    
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8 CHAPTER 8 

SUMMARY AND CONCLUSIONS 

 

8.1 Summary 

The present work deals with the mathematical modeling of translation stiffness of 

MRE. The material modeling of MRE is a complex task as it exhibits the viscoelastic 

behavior, which is intermediate between an ideal solid and an ideal liquid. Under 

fixed processing conditions, the viscoelastic properties of MRE vary with the 

operating parameters like frequency, magnetic field, and the input strain. 

Additionally, these properties vary with the modes of operation and their inter 

conversion are unrealistic. This demands a huge amount of experimental data for 

effectively characterizing the properties of MRE. On the contrary, the modeling 

approach based on the viscoelastic constitutive relations simplifies the overall 

viscoelastic property characterization studies. But, this approach requires the 

experimental characterization data to obtain the parameters of the model. The ability 

of these models in representing the dynamic behavior over a wider range of 

frequencies differs with the modeling components considered. Moreover, the 

effectiveness of the model in describing the material behavior depends on the input 

strain, which controls the transition from linear to the nonlinear viscoelastic behavior. 

Therefore, in the proposed study, the influence of operating parameters on the 

viscoelastic properties of MRE is evaluated under volume preserving deformation 

state. Later, a material model is developed to represent the dynamic behavior of MRE 

in response to the varying operating conditions.    
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The viscoelastic properties of MRE are characterized by dynamic blocked 

transfer stiffness method. The properties of MRE are represented in terms of dynamic 

stiffness, and the loss factor is obtained from the force-displacement hysteresis loops. 

Preliminary tests are performed on MRE to study the influence of magnetic field and 

frequency on the viscoelastic properties of MRE. These tests revealed the existence of 

saturation limit for frequency and magnetic field dependent properties. Based on these 

findings, the dynamic property characterization studies are extended to assess the 

linear viscoelastic behavior of MRE and its dependency on the frequency and 

magnetic field. The amplitude dependency on the field-induced properties of MRE is 

also evaluated from the variation in the slope of the hysteresis loop. These results 

revealed that the amplitude is a critical parameter, which needs to be addressed while 

designing a MRE based devise.    

The viscoelastic properties of MRE are modeled by adapting viscoelastic 

constitutive relations. Two modeling approaches, namely, integer order and fractional 

order derivative are considered. The integer order model is referred to as 2-Maxwell 

model, comprising of a total of six parameters. The fractional order model is referred 

to as fractional Maxwell model, which includes five parameters. Parameters of these 

models are obtained by minimizing the error between the response predicted by the 

model and the dynamic compression test data. To compare the predictive accuracy of 

the models in portraying the experimental results, an interpolation function is chosen. 

This interpolation polynomial generalizes the variation of each parameter with respect 

frequency and the magnetic field. The predicted stiffness values indicated that both 

the modeling approaches are effective in portraying the viscoelastic behavior of MRE 

but the fractional order model is more versatile. The fractional order based model 
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describes the broad-band frequency dependent viscoelastic behavior in a simple form 

with  lesser number of parameters.   

Based on the results of preliminary modeling studies, the fractional Maxwell 

model is extended to incorporate the amplitude dependent effects. The amplitude 

dependency is a critical factor for MRE as it leads to strain softening behavior, which 

cannot be predicted by the conventional viscoelastic modeling approaches. Moreover, 

the amplitude dependency, if not considered may lead to failure of control strategies 

of MRE device when it is exposed to varying levels of strain. The amplitude 

dependency is incorporated to the fractional Maxwell model by coupling the 

linearized Bouc-Wen element. The proposed model comprises of a total of eight 

parameters, which are identified from the objective function minimization approach 

by using 36 sets of experimental data. From the obtained model parameters, the 

variations with respect to the magnetic field, frequency and strain are generalized 

using a planar function. The performances of the model in reproducing the 

experimental results are evaluated at different frequency, magnetic field and input 

stain. These results showed that the model predicted response is in a good agreement 

with the experimental results, which is assessed in terms of fitness value.    

8.2 Conclusions 

From this research work following conclusion are made. 

The dynamic viscoelastic properties of MRE are frequency and magnetic field 

dependent. The influence of magnetic field on the dynamic viscoelastic property is 

stronger compared to the frequency. These properties saturate with the magnetic field 

and the frequency. The saturation limit of tested MRE sample is around 50 Hz and 0.3 

T magnetic field. The frequency has the least influence on the field-induced property 
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enhancements of MRE, but its influence on  loss factor variations is significant. Under 

magnetized state, the loss factor cannot be controlled independently as it depends on 

the field-induced enhancement in stiffness and equivalent damping.   

The LVE limit is a critical parameter which needs to be addressed while 

designing a MRE based isolator. The critical strain of MRE is a function of magnetic 

field and the excitation frequency, which depends on the interface interaction between 

the matrix and the filler. LVE limit of MRE is decreased with increasing the 

frequency or increasing the magnetic field. However, the influence of magnetic field 

on critical strain variation is more pronounced compared to the excitation frequency. 

The MRE sample characterized in the present work can be incorporated as a resilient 

element in a semi-active isolator device operating in the frequency ranges below 24 

Hz. This device can exhibit a linear response up to a 3.54% strain under the magnetic 

field of 0.4T when the source of non-linearity is solely from the material response of 

MRE.  

MRE exhibits Payne effect as the input strain amplitude is increased. The 

strain dependency is pronounced under non-magnetized state of MRE and it 

diminishes with the increase in the magnetic field. Moreover, the ability of MRE to 

transcend into an alternative to conventional elastomers depends on the understanding 

of its strain dependent characteristics under active as well as the passive state.    

The viscoelastic material modeling approaches simplify the overall material 

characterization process of MRE. This semi-physical modeling approach is beneficial 

as it reduces the amount of experimental tests substantially and saves time and cost. 

The fractional order and integer order based models effectively portray the 

viscoelastic properties of MRE between 8 Hz-24 Hz by considering the experimental 
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response corresponding to 8 Hz, 16 Hz and 24 Hz. The accuracy of the viscoelastic 

model depends on its ability to reproduce the variation of experimentally evaluated 

damping characteristics (K").  

Predicted stiffness and damping characteristics of the model depend upon the 

effectiveness of the parameter optimization process in reproducing the experimental 

results. The difference arising from the parameter optimization process carried over 

during the interpolation process, and it reflected on the predictive accuracies of the 

viscoelastic model. The realistic assessment of the model performance is based upon 

its ability to map the results obtained from the optimized parameters.  

Compared to 2 Maxwell model, the fractional Maxwell model is more 

versatile in describing the dynamic viscoelastic properties of MRE. Existence of a 

fractional order element in fractional Maxwell model simplifies the interpolation 

function to reproduce the frequency dependent viscoelastic behavior of MRE at 

intermediate frequencies. This modeling approach describes the viscoelastic behavior 

with fewer number parameters and thus abridges the process of objective function 

minimization without compromising the predictive accuracy. The fractional Maxwell 

model is more accurate than the 2-Maxwell model due to reduced error propagation. 

Moreover, the parameters of the fractional Maxwell chain in the fractional order 

model have a greater influence on the predicted K' and K". This characteristic of 

fractional Maxwell is beneficial in identifying the critical parameter and representing 

it with a better interpolating function to improve the predictive accuracy. 

The amplitude dependency in the transition region can be effectively 

represented by coupling the conventional viscoelastic model with the linearized Bouc-

Wen element. This model efficiently portrays the frequency, magnetic field and 
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amplitude behavior of MRE. The proposed model effectively predicted the stiffness 

characteristics with accuracy more than 94.3% and the corresponding accuracy in 

predicting the damping characteristic is above 90.1%. This model is capable of fitting 

the experimental value with a fitness value of more than 93.22%. Moreover, the 

variation in the model parameters is represented by a planar function, which 

simplifies the control strategies to realize the MRE based device.    

8.3 Impact of this study and direction for further research 

In this study, the dynamic viscoelastic properties of MRE under different 

operating conditions like frequency, magnetic field and input strain are evaluated 

through dynamic blocked transfer stiffness method. This method offers a simple and 

economical approach for characterizing the properties of MRE. Present study has 

highlighted the significance of the operating parameters and the need for 

incorporating these aspects during the design stage of MRE based device. The present 

investigation also revealed the importance of LVE limit and its dependency on the 

operating condition. LVE limit of the MRE can be enhanced by modifying the 

interaction between the matrix and fillers. This can be achieved by the addition of an 

additive, which could be a scope for further work. Moreover, additives improve the 

properties of MRE and it also enables to have a better control over its stiffness and 

damping characteristics.   

The material modeling of MRE by adopting viscoelastic modeling approach is 

an effective way to reduce the effort of performing the experimental based 

characterization studies. The material model based on fractional order viscoelasticity 

has better flexibility in predicting the properties than the integer order based model. 
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This modeling approach can be extended to model the dynamic behavior of a MRE 

based isolator or absorber devices to tune it over a wide frequency range. 

The generalized expression for the translation stiffness represents the response 

of MRE under varying frequency, magnetic field and amplitude (under tested range). 

However, apart from these factors, the thickness of MRE is also an important 

parameter. As the thickness is increased, the magnetic flux distribution varies. As a 

result, the field sensitive properties are altered. Moreover, under the operating 

environment, MRE is also subjected to the static preload. This preloaded state alters 

the distance between particles, which in turn affect the field sensitive properties. 

Therefore, incorporating the geometry and the preload effects in the mathematical 

representation of MRE is an important aspect which can be a scope for future work.    

To realize a beam on MRE on a boundary support, the rotational stiffness of 

MRE needs to be modeled. To represent these characteristics mathematically, the 

approaches followed for dynamic compression characteristics need to be performed.  

Using the mathematical relations of rotational and translation stiffness, the dynamic 

characteristics of a beam can be modeled. By implementing proper control strategies, 

the dynamic behavior of a beam on MRE boundary support can be modified in 

response to the external disturbing source. Later, this approach can be extended to 

realize a plate on MRE boundary support. 

8.4 Contributory effect on the design process of a MRE device 

MRE is a potential material to realize the concept of semi-active vibration mitigation device. 

The success of MRE based device relies on the understanding of the material properties. The 

experimental based approach is more effective as the properties can be evaluated at different 



160 
 

operating condition. However, these approaches are complex in terms of number of variable 

and this process can be simplified by adopting  a material modelling technique.  

The shear mode and the translation or compression mode are the commonly used 

configurations in a MRE based device. The translation mode is most widely used as its 

exhibits a high load bearing capacity. Moreover, for viscoelastic boundary damping 

applications, the translation stiffness is critical as it controls the transition of boundary 

support conditions. The translation status of loading is not an ideal configuration to 

characterize the viscoelastic properties as it fails to satisfy the volume preserving state of 

deformation. On the contrary, the shear mode is most effective in characterizing the properties 

of filled rubber under different dynamic loading to rheological elastomer. However, the 

conversions of viscoelastic properties of MRE between the shear mode to translation mode 

are not accurate as the mechanism of interaction between the fillers are the matrix are 

distinctly different. 

The translation stiffness of MRE is a function of frequency, magnetic field, strain, 

preload and the temperature. The preload and the temperature effects can be neglected for 

the devices operating under room temperature and subjected to lighter pre-compression. 

For semi-active control applications, the material behavior should be represented in a 

mathematical form. Most often viscoelastic constitutive relations are used for 

mathematical modelling of MRE. However, the fractional derivative order viscoelastic 

relation is more convenient to simulate the behavior of a filled rubber. The semi-empirical 

model based on theory of viscoelasticity demands experimental results to obtain the 

model parameters of the model. These parameters vary with the input conditions, and it 

needs to be generalized using polynomial equations. A linear variation is most preferred 

as it simplifies the control algorithm. 

However, models based on viscoelastic relations can only represent the frequency 

and the magnetic field dependency. The amplitude dependency behavior is incorporated 
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in the model by including the hysteresis components. The Bouc-Wen element more 

versatile as it simulates the strain hardening and strain softening phenomenon effectively. 

However, under moderate strain levels a stochastically linearized Bouc-Wen element can 

be coupled with the viscoelastic model to represent dynamic viscoelastic behavior of 

MRE at varying operating conditions. A good model should be able to represent the 

material response of MRE with fewer parameters over a wide range of operating 

conditions in a simple form. 
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